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Abstract—A major problem in the application of particle filters
to multiple target tracking is the loss of modes due to sample
degeneracy. A particle filter based on the notion of uniform
sampling is developed to address this issue. The proposed particle
filter approximates uniform sampling in an auxiliary variable
framework. Simulation results show that the proposed method
provides significantly improved mode retention compared to a
particle filter using the optimal importance density.
Keywords: particle filtering, multiple target tracking.

I. INTRODUCTION
The commonly adopted Bayesian approach to multiple

target tracking requires computation, or more usually approx-
imation, of the posterior density of the states of the targets
present. When targets move in close proximity multiple modes
are formed in the posterior density. The multiplicity of modes
arises even in the absence of clutter due to confusion as
to which target produced which measurement. This multi-
modality greatly complicates approximation of the posterior
density. For instance, a multi-modal posterior cannot easily
be approximated by a single Gaussian. This is the cause of
the track coalescence phenomena exhibited by the well-known
joint probabilistic data association filter (JPDAF) [1], [2].
If identity information is not of interest then the multi-

modality induced by target identity confusion can be re-
garded as spurious and steps taken to remove it. Particularly
relevant here are methods based on the random finite set
(RFS) approach to multiple target tracking [3]. The algorithm
proposed in [4] is based on the key observation that the
set posterior density can be equally well represented by any
one of a number of vector, or labelled, posterior densities.
In practical terms, this means that a strongly multi-modal
Gaussian mixture can be replaced by a density which can
be accurately approximated by a single Gaussian without
affecting the underlying set posterior density. This was done in
[4] by switching the ordering of the elements of the Gaussian
mixture. Particle filtering (PF) approximations adopt a similar
switching procedure to remove multi-modality and facilitate
the computation of state estimates [5], [6]. In PFs switching is
implemented with a clustering algorithm such as the k-means
algorithm. The RFS approach to multiple target tracking is
similarly exploited in [7] to improve the estimation of target
states.
The removal of the effects of target label uncertainty, e.g.,

by switching [4] or the approach of [7], results in accurate es-

timates of target states but removes track identity information
so that no identity can be attached to the state estimates. This
is reasonable if it is desired only to know the locations of any
targets in the surveillance area. However in some cases the
loss of identity information may be detrimental, e.g., if it is
desired to distinguish between allies and enemies. Then, the
desired identity information can be obtained only by retaining
a multi-modal posterior.
In principle, a PF is an excellent candidate for representing

multi-modality. In practice, PFs can only represent multi-
modality for short periods of time before sample degeneracy
results in the removal of all but a single mode [8]. This
is undesirable if identity measurements are only available
intermittently so that multiple modes must be retained in the
posterior for extended periods. Failure to do so will result
in considerable confusion when identity measurements do
become available [9].
The problem considered in this paper is that of designing

a PF capable of maintaining posterior modes for extended
durations. The proposed approach is based on the idea of
drawing a uniform sample from the posterior. Since exact
uniform sampling is impractical we propose a method for per-
forming approximately uniform sampling based on auxiliary
variable sampling [10]. In an auxiliary variable framework,
sampling of the auxiliary variable determines which samples
are propagated from one time to the next. An important
property of the proposed method is that the auxiliary variable
sampling probabilities depend not only by the merit of the
sample, as determined by the prior and the measurements,
but also by the number and weights of the samples in their
neighbourhood. This differs from existing PFs which consider
only the merits of the sample.
The paper is organised as follows. The model is described

in Section II. A brief review of PFs is given in Section III.
The proposed uniform sampler is developed in Section IV and
numerical simulations comparing the uniform sampler with a
PF implemented with the optimal importance density [11] are
presented in Section V.

II. MODELLING

A known number r of targets is present with the state of
the ith target at time t denoted as xi,t ! Rd. The target
states evolve independently according to, for i = 1, . . . , r,

14th International Conference on Information Fusion
Chicago, Illinois, USA, July 5-8, 2011

978-0-9824438-3-5 ©2011 ISIF 283



t = 1, 2, . . .,
xi,t|xi,t!1 " f(·|xi,t!1) (1)

At time t = 0, xi,0 " !i,0(·). Let Xt = [x"
1,t, . . . ,x

"
r,t]

"

denote the collection of target states at time t. A collection
of mt measurements, denoted Y t = [y"

t,1, . . . ,y
"
t,mt

]", is
available at time t = 1, 2, . . ., satisfying

Y t|Xt " g(·|Xt) (2)

The goal is to compute the posterior density ofXt conditional
on the measurements Y 1, . . . ,Y t for t = 1, 2, . . .. Let !t!1(·)
denote the posterior PDF at time t#1. The prior PDF at time
t can be found as

"t(Xt) =

!

fr(Xt|Xt!1)!t!1(Xt!1) dXt!1 (3)

where

fr(Xt|Xt!1) =
r

"

i=1

f(xi,t|xi,t!1) (4)

The posterior PDF at time t is then found by applying Bayes’
rule:

!t(Xt) $ g(Y t|Xt)"t(Xt) (5)

Eqs. (3) and (5) make up the filtering recursion for multiple
target tracking. This recursion can rarely be performed exactly
hence the need for approximations such as the JPDAF and
PFs.

III. PARTICLE FILTERING
Particle filters approximate the posterior density by a collec-

tion of random samples obtained recursively from an impor-
tance density [11]. The auxiliary variable approach to particle
filtering [10] is reviewed in this section.
Let the posterior density at time t # 1 be represented

by the samples X1
t!1, . . . ,X

n
t!1 and associated weights

w1
t!1, . . . , w

n
t!1, where n is the sample size. The weighted

samples form an approximation to !t!1(·) of the form

!t!1(X) %
n

#

i=1

wi
t!1#(X # Xi

t!1) (6)

where #(·) is the Dirac delta function. Substituting (6) into (3)
gives

"t(X) %
n

#

i=1

wi
t!1fr(X|Xi

t!1) (7)

Substituting (7) into (5) gives an approximation to the posterior
density at time t:

!t(X)
#
$ g(Y t|X)

n
#

i=1

wi
t!1fr(X|Xi

t!1) (8)

where #
$ denotes approximate proportionality. It is desired to

draw weighted samples from the mixture (8). In an auxiliary
variable framework this is done by drawing both states and
mixture indices from the joint distribution

!t(X, i)
#
$ wi

t!1g(Y t|X)fr(X|Xi
t!1) (9)

The mixture index i is referred to as an auxiliary variable.
Samples from (8) are obtained by sampling states and auxiliary
variables from (9) and discarding the auxiliary variables.
Often in multiple target tracking, the conditional measurement
density can be written as a mixture indexed by a discrete
variable $t so that

g(Y t|Xt) =
#

!t$!t

%t($t)g(Y t|Xt, $t) (10)

where %t(·) is the prior distribution for $t and !t is the (finite)
set of allowable values of $t. The decomposition (10) arises,
for instance, in point detection measurement models where the
measurements consist of both target and clutter measurements.
Then, $t assigns measurements to targets and is referred to
as an association variable. For convenience we adopt this
terminology for $t. In cases where the mixture (10) doesn’t
apply we simply set !t = {1} and %t(1) = 1.
After substituting (10) into (9) the joint distribution over

the state, association variable and auxiliary variable can be
obtained as

!t(X , $ , i)
#
$ wi

t!1%t($)g(Y t|X , $)fr(X |Xi
t!1) (11)

An importance sample is to be drawn from (11). Let qt(·)
denote the importance density from which samples are to be
drawn. For i = 1, . . . , n, we draw (Xi

t, $
i
t, j

i) " qt(·) and
compute the weights

wi
t $

wji

t!1%t($i
t)g(Y t|X

i
t, $

i
t)fr(X

i
t|X

ji

t!1)

qt(X
i
t, $

i
t, ji)

(12)

The samples of the association and auxiliary variables are
discarded to obtain weighted samples {wi

t, X
i
t} from the pos-

terior density !t(·). Note that sampling the auxiliary variable
is essentially the resampling step.
A number of well-known PFs can be formulated within the

auxiliary variable framework. For instance, the bootstrap filter
(BF) [12] is obtained by drawing from

qt(X , $ , j) $ wj
t!1%t($)fr(X|Xj

t!1) (13)

Samples are drawn from (13) by drawing

P(j = a) = wa
t!1 (14)

P($ = &) = %t(&) (15)
(X|j) " fr(·|X

j
t!1) (16)

The sample weights are then given by wi
t $ g(Y t|X

i
t, $

i
t).

The optimal importance density (OID) is [11]

qt(X, $ , j) = 'j
t ($)v

j
t (X |$) (17)

where

'j
t ($) $ wj

t!1%t($)(
j
t ($) (18)

vj
t (X|$) $ g(Y t|X, $)fr(X|Xj

t!1) (19)

with
(j

t ($) =

!

g(Y t|X, $)fr(X|Xj
t!1) dX (20)
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Samples from (17) are drawn as follows:

P(j = a) $ wa
t!1

#

!$!t

%t($)(
a
t ($) (21)

P($ = &|j) $ %t(&)(j
t (&) (22)

(X|j,$ ) " vj
t (·|$) (23)

The sample weights are wi
t $ 1. Under regularity conditions,

both the BF and the OID provide asymptotically exact approx-
imations of the posterior as the sample size n & ' [13]. For
a finite sample size, the OID generally performs much better
than the BF, particularly if the measurements are, in some
sense, precise, but is not as generally applicable because of the
intractability of the integral (20). Both filters have difficulty
retaining posterior modes for extended periods, even with quite
large sample sizes. A PF with improved mode preservation is
proposed in the next section.

IV. UNIFORM SAMPLING

The proposed approach to mode preservation is based on
an approximate implementation of uniform sampling. This is
based on the hypothesis that a uniform dispersal of samples
will provide more a robust approximation of multi-modal
posteriors since it ensures that all modes are represented by
samples. Note that since the proposed PF operates within the
same recursive sampling framework as previously proposed
PFs, such as the BF and OID, the loss of modes cannot be
avoided [8]. Instead the aim is to greatly reduce the rate at
which modes are lost.
Assume that the posterior density !t(·), or some function

proportional to the posterior, is available. Let A = {X :
!t(X) > 0}. We could then draw Xi

t " UA(·), where UA(·)
is the uniform distribution over the set A, and calculate the
weights wi

t $ !t(X
i
t). Note that all information about the

value of the posterior is contained in the weights, not in
the density of the samples. An approximate implementation
of uniform sampling is necessary because precisely uniform
sampling using the described procedure is impractical for a
number of reasons. First, the posterior can be calculated up
to proportionality only for the sequence X0, . . . ,Xt. Thus it
would be necessary to draw samples of the previous states
X0, . . . ,Xt!1 in order to compute an approximation to the
posterior of the current state Xt. This approach is not feasible
in tracking where recursive processing is highly desirable.
Second, even if the posterior is known, it is not often that it
has a finite region of support. For practical implementation
this is not perhaps such a great concern as we can set
A = {X : !t(X) > )} for some small ). However, a third
problem then arises of constructing the set A. This is likely to
be almost as difficult as the original approximation problem.

A. Formulation
Since exact uniform sampling is impractical we consider

an approximate method. One possibility is to use the ap-
proximation (8) to determine a region over which uniform
sampling can be performed. This approach is subject to

the third problem mentioned above, i.e., determining the set
Ã = {X : !̃t(X) > )}, where !̃t(·) is the approximation (8).
Instead, the approach taken here is to approximate uniform
sampling through appropriate sampling of the auxiliary vari-
able. Consider the OID of (17). It can be seen from (17)-(19)
that the OID satisfies

qt(X, $ , j) = !̃t(X, $ , j) (24)

This suggests that approximately uniform sampling through
auxiliary variable sampling can be achieved with the impor-
tance density

qt(X, $ , j) $ 't
j($)v

j
t (X |$)/!̂j

t (25)

where !̂j
t is an approximation to the posterior density which

is discussed in more detail below. The PF which uses the
importance density (25) is referred to as the uniform sampler.
The uniform sampler draws states and association variables as
in the OID. The only change compared to the OID arises in
the sampling of the auxiliary variable through the inclusion
of the scaling factor 1/!̂j

t . Thus instead of (21), the uniform
sampler uses

P(j = a) $ wa
t!1/!̂

a
t

#

!$!t

%t($)(
a
t ($) (26)

The sample weights are

wi
t $ !̂i

t (27)

The advantage of this approach is that approximate uniform
sampling can be achieved in a simple way, provided an ap-
propriate approximation !̂j

t can be found. The approximation
!̂j

t should be close to the posterior for values of the state
sampled conditional on Xj

t!1. The following approximation
is used here. For i = 1, . . . , n, draw

P($̃i
t = &) $ %t(&)(i

t(&) (28)

X̃
i

t " vi
t(·|$̃

i
t) (29)

where (i
t($) and vi

t(·|$) are given in (20) and (19), respectively.
Then, compute the approximation

!̂j
t =

n
#

i=1

ui
tk(X̃

j

t # X̃
i

t) (30)

where ui
t $ wi

t!1(
i
t($̃

i
t) and k(·) is a kernel density.

The development of the uniform sampler has implicitly
assumed the practicality of sampling from the OID. In many
scenarios of interest this is unfeasible. In particular, if the
measurements are non-Gaussian or are Gaussian with a mean
which is a nonlinear function of the target state the OID cannot
usually be used. Fortunately, the idea of uniform sampling
can be applied in cases where using the OID is not feasible.
Assume that an approximation ĝ(·|X, $) to the conditional
measurement density g(·|X, $) can be obtained. Then, we can
use the importance density

qt(X, $ , j) $ '̂t
j($)v̂

j
t (X |$)/!̂j

t (31)

285



where '̂t
j($) and v̂j

t (·|$) are as shown in (18) and (19) with
g(·|·) replaced by ĝ(·|·). The weights of the samples drawn
from (31) are

wi
t $ !̂i

t

g(Y t|X
i
t, $

i
t)

ĝ(Y t|X
i
t, $

i
t)

(32)

The effect of using an approximation of the conditional
measurement density when drawing samples is accounted for
in the sample weights. The approximation (30) of the posterior
density is modified similarly. The specific method used to
approximate the conditional measurement density depends on
the application. In many cases a linearised approximation
performs quite well.

B. Discussion

It is interesting to note the effect of uniform sampling on
the selection of auxiliary variables. Comparing (21) and (26)
it can be see that, relative to the OID, uniform sampling will
tend to select more samples in areas where the approximation
to the posterior density is small. It is this feature of uniform
sampling which is expected to provide the uniform sampler
with enhanced robustness.
The posterior density approximation (30) needs to be com-

puted for each sample. A straightforward implementation of
(30) has O(n) computational expense so that the overall
expense of the uniform sampler would become O(n2). This
compares unfavourably with the O(n) expense of existing PFs
such as the BF and OID. The expense of the uniform sampler
can be reduced in a number of ways. First it should be noted
that when computing !̂i

t only the neighbours of X̃
i

t need to
be considered. Further, a number of sophisticated algorithms
can be used to exploit redundancies. Prominent examples of
such algorithms are those based on k-D trees [14]. Another
possibility is to use the fast Gauss transform, or one of its
many refinements, if the kernel k(·) is Gaussian [15]. It is
also important to consider that in many cases the expense of
computing the likelihood and drawing samples far outweighs
the expense of computing the kernel used in the posterior
density approximation. In such cases the O(n2) expense of
the uniform sampler will become noticeable only for large
sample sizes.

V. NUMERICAL EXAMPLE

In this section the mode preserving properties of the uniform
sampler are examined for a multiple target tracking scenario.

A. Modelling

The individual target states are composed of position and ve-
locity in Cartesian coordinates, i.e., xi,t = [xi,t, yi,t, ẋi,t, ẏi,t]"

where (xi,t, yi,t) is the target position and the dot notation
indicates differentiation with respect to time. The transition
density is

f(xt|xt!1) = N(xt; Fxt!1, Q) (33)

where N(·; µ,!) is the Gaussian density with mean µ and
covariance matrix ! and

F =

$

1 T
0 1

%

( I2 (34)

Q = *

$

T 3/3 T 2/2
T 2/2 T

%

( I2 (35)

In (34) and (35), T is the measurement sampling period, ( is
the Kronecker product and Ik is the k ) k identity matrix. In
(35), * is the process noise intensity.
The aim of this example is to examine the ability of the

proposed PF and a competing algorithm to maintain poste-
rior modes which arise due to target label confusion. This
confusion arises even in the absence of clutter. Therefore,
in order to focus on mode preservation, clutter is excluded
from the measurement model although missed target detections
do occur. Then, given mt(* r) target detections there are
mt!

&

r
mt

'

possible values of the association variable $t. The
association variable is a vector of length mt with the jth
element $t(j), j = 1, . . . , mt, the index of the target assigned
to the jth measurement. A valid association variable assigns at
most one measurement to each target and !t is the collection
of valid association variables. Then, for $ ! !t,

g(Y t|Xt, $) =
mt
"

j=1

N(yt,j ; Hx!(j),t, R) (36)

%t($) $ 1 (37)

where R is the measurement noise covariance matrix and

H =
(

1 0
)

( I2 (38)

For this model the OID can be used exactly so the uniform
sampler can use the importance density (25). As discussed in
Section IV the proposed uniform sampler is also applicable to
situations where the OID cannot be used. This occurs if, for
example, target positions are measured in polar coordinates.

B. Scenario
The simulation scenario is shown in Figure 1 for r = 4

targets. Similar scenarios are used for r = 2 and 3 targets.
The targets are well-separated at the start of the surveillance
interval. They move towards each other for 10 measurement
sampling periods before changing direction and moving in
the same direction After a further 30 sampling periods they
begin to move apart. The surveillance period continues for
another 100 sampling periods. All targets have the same speed
at all times. Note that the axis has been truncated on the
right in Figure 1. The process noise intensity is * = 1 and
the measurement sampling period is T = 1. The process
noise intensity is selected so that the changes in direction can
be followed by the filter. The measurement noise covariance
matrix is R = 25 I2. Targets are detected with probability 0.9.
In the scenario of Figure 1 the posterior density has one

mode until the targets have moved close to each other. Soon
after the targets have started moving in the same direction
there are r! modes. This remains the case until the end of
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Figure 1. Simulation scenario for r = 4 targets.

the surveillance period. The aim of this numerical analysis
is to examine how well these posterior modes are retained.
Two performance metrics are used to measure this. The first
performance metric is the number of modes with appreciable
weight. Mode retention is important as it enables the filter
to continue operating if information becomes available which
allows a particular mode to be selected. In addition to pre-
serving modes it is also desirable for the PF to assign the
correct probability masses to the various modes. The second
performance metric is therefore the balance error. All modes in
the posterior have the same probability mass, 1/r!. Departure
from this situation in a PF approximation can be measured in a
number of ways. We use a normalised version of the Kullback
Leibler divergence (KLD) between uniform mass for each
mode and the mass assigned by the PF. Let pk, k = 1, . . . , r!
denote the probability mass assigned by a PF approximation
to the kth permutation of target labels. Then, the balance error
is

B = 1/ log(r!)
r!

#

k=1

pk log(r!pk) (39)

We adopt the convention 0 log(0) = 0. The normalisation has
been included so that the maximum balance error, obtained
when pk = 1 for some k ! {1, . . . , r!}, is one for all r. This
simplifies performance comparisons for different r.

C. Results
Results are presented for two PF approximations, the OID

and the uniform sampler. The kernel used in the posterior
density approximation (30) for the uniform sampler is

k(X) =
r

"

i=1

N(xi;0,!) (40)

where the covariance matrix is

! =

$

64 0
0 9

%

( I2 (41)

The PFs are applied to scenarios with r = 2, 3 and 4
targets with samples sizes of n = 250, 1000 and 4000. The
performance statistics are computed by averaging over 500

realisations for each scenario. The results are shown in Figures
2-4 for r = 2, 3 and 4 targets, respectively. These figures plot
the performance statistics against the time since the targets
began to depart. While the targets move in close proximity
any reasonable PF will possess all of the posterior modes.
Thus the focus is on the period after the targets depart from
each other. The legend for Figures 2-5 is given in Table I.

Table I
LEGEND FOR FIGURES 2-5

Line type Solid Uniform sampler
Dashed OID

Marker
! n = 250

! n = 1000

" n = 4000

Consider first the results shown in Figure 2 for r = 2 targets.
In this case there are two posterior modes. The ability of the
uniform sampler to retain these modes far exceeds that of the
OID. Even with a sample size of n = 4000 the OID retains
both modes to the end of the surveillance interval only 72%
of the time while the uniform sampler retains both modes
98% of the time with sample size of 250. This performance
improvement outweighs the additional expense incurred in
the weight computation of the uniform sampler. The uniform
sampler also provides a more balanced approximation of the
modes than the OID although the improvement here is not
as remarkable as for mode retention. As would be expected,
the balance error for both PFs increases as the time since the
targets began to move apart increases. An important aspect of
the results is that the balance error of the uniform sampler
increases at a much slower rate than the balance error of the
OID.
Comparison of Figures 2 and 3 shows that both the uniform

sampler and the OID experience much greater difficulty retain-
ing modes for r = 3 targets than for r = 2 targets. Note that
the number of modes has increased from 2 to 6. The results
suggest that, for r = 3 targets, the improvement of the uniform
sampler compared to the OID is even greater than for r = 2
targets. For instance, by the end of the surveillance period the
balance error of the uniform sampler with n = 250 samples is
smaller than that of the OID with n = 4000 samples. Given
the quite large values of the balance error, the improved mode
retention of the uniform sampler is probably of more interest.
With n = 4000 samples, the uniform sampler almost always
retains all modes to the end of the surveillance period while
the OID almost always loses all modes except one.
For r = 4 targets the number of modes increases to 24.

Neither PF provides particularly reliable mode retention for
any of the sample sizes considered here. The largest sample
size considered here, n = 4000, provides roughly 166 samples
per mode. This makes the task of mode retention difficult.
However, the performance of the uniform sampler does have
one heartening aspect: it improves significantly as the sample
size increases. This suggests that reliable maintenance of the
majority of the modes could be achieved with moderately
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Figure 2. Simulation results for the uniform sampler and the OID for tracking
r = 2 targets. The legend is given in Table I.

larger sample sizes than those used here. In contrast, the OID
performs extremely poorly for all sample sizes with little sign
of improvement as the sample size increases.
There are two ways in which the difficulty of the approxi-

mation problem increases as the number of targets increases.
In particular, both the number of modes and the dimension
of the multi-target state increase. It may be supposed that
both of these factors contribute to the drop in performance
exhibited by both algorithms as r increases although it is
not readily apparent which factor is dominant. To gain an
understanding of this issue we consider another scenario in
which two targets move in close proximity, as depicted in
Figure 1, and a third target remains well-separated from the
other targets throughout the surveillance interval. In this case
the state vector has 12 elements but there are only two modes.
It will be convenient in the following discussion to refer to a
scenario with d dimensions and k modes as a (d, k) scenario.
Thus, Figure 5 contains results for a (12,2) scenario. It is
of interest to compare these results with the results shown
in Figure 2 for a (8,2) scenario and those of Figure 3 for a
(12,6) scenario. As expected the results obtained for the (12,2)
scenario fall somewhere in between the results obtained for
the (8,2) and (12,6) scenarios. However, it is interesting to
note that the mode retention properties for the (12,2) scenario
are closer to those of the (8,2) scenario while the balance
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Figure 3. Simulation results for the uniform sampler and the OID for tracking
r = 3 targets. The legend is given in Table I.

error for the (12,2) scenario is closer to that obtained for the
(12,6) scenario. This suggests that the dimension of the state
vector is an important factor in determining the amount of
imbalance while the ability to retain modes is affected more
by the number of posterior modes.

VI. CONCLUSIONS

A particle filter has been proposed to address the problem
of maintaining modes in the posterior density for multiple
target tracking. The proposed particle filter is based on approx-
imate uniform sampling through auxiliary variable sampling.
Numerical simulations showed that, for two or three targets,
the proposed uniform sampler can reliably retain posterior
modes for extended periods with reasonable sample sizes.
A conventional particle filter, implemented with the optimal
importance density, was much less successful.
A major concern with the proposed method is the additional

computational expense required to calculate a posterior density
approximation for each sample. Fortunately a large number of
algorithms, such as those based on the fast Gauss transform
and k-D trees, can be used to reduce the expense of this
calculation. The application of these algorithms to the uniform
sampler is an important part of establishing its practical utility.
Another issue is how to extract state estimates from the multi-
modal posterior approximation. In conventional particle filters
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Figure 4. Simulation results for the uniform sampler and the OID for tracking
r = 4 targets. The legend is given in Table I.

sample degeneracy is often regarded as advantageous since it
results in a uni-modal posterior which enables straightforward
calculation of target state estimates using the posterior mean.
This approach is not possible for a multi-modal posterior since
the posterior mean would give all targets the same position.
A promising possibility for addressing this problem is the
recent work by Blom and Bloem on the invariant-variant
decomposition of the posterior.
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