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Abstract—In this correspondence, we consider a sensor net-
work with serial architecture. When solving a binary distributed
detection problem where the sensor observations are dependent
under each one of the two possible hypothesis, each fusion stage
of the network applies a local decision rule. We assume that,
based on the information available at each fusion stage, the
decision rules provide a binary message regarding the presence
or absence of an event of interest. Under this scenario and under
a Neyman-Pearson formulation, we derive the optimal decision
rules associated with each fusion stage. As it happens when the
sensor observations are independent, we are able to show that,
under the Neyman-Pearson criterion, the optimal fusion rules of
a serial configuration with dependent observations also match
optimal Neyman-Pearson tests.
Keywords: optimum distributed detection, Neyman-
Pearson criterion, serial network topology, dependent ob-
servations.

I. INTRODUCTION

The problem of binary distributed detection in sensor net-

works has drawn much attention in last years. With the aim

of exploiting all their detection potential, the literature on this

issue has faced optimal distributed detection problems, where

optimality usually refers to the minimization of some cost

function related to overall detection performance among other

design parameters of the network. In particular, for distributed

detection systems with various architectures there has been a

considerable research interest on designing optimal data fusion

rules and optimal local processing schemes according to a

specific criterion.

In a parallel architecture the system is formed by a large

number of devices and a data fusion center that, regarding a

local and non-cooperative summary of the sensor observations,

makes a global inference about the occurrence of an event of

interest. For this architecture many researchers have developed

several data fusion techniques and local processing schemes of

sensor observations that maximize the detection performance

of the network. Concerning the local quantization functions

applied by the sensors under this topology, Tsitsiklis [1]

showed that when the number of sensors is arbitrarily large and

the observations taken by them are conditionally independent

given any hypothesis, the optimal binary decentralized detec-

tion is achieved by identical local detection rules. Later, when

detecting deterministic signals in additive Gaussian noise is

the problem to solve, Chamberland and Veeravalli [2] showed

that having a set of identical binary sensors is asymptotically

optimal as the number of observations goes to infinity. In other

words, they showed that the gain offered by having more sen-

sors exceeds the benefits of getting detailed information from

each sensor. In connection with the design of the data fusion

rules that maximize the detection performance of networks

with parallel configuration, Chair and Varshney [3] in the

Bayesian set up and Thomopoulos et al. [4] under the Neyman-

Pearson formulation obtained the optimum fusion rule when

the sensor observations are conditionally independent under

each hypothesis of the test.

Although the literature that addresses the design of sensor

networks other that the parallel configuration is less extensive,

the study of networks with different architectures has also

drawn much attention. Due to its reduced energy consumption

and bandwidth requirements for simultaneous transmission,

the serial distributed configuration with binary communication

between the fusion units has been one of the architectures

generating more interest among researchers of several disci-

plines, for instance, the one corresponding with the sequential

detection problem. Note that a network where the binary global

decision of the system is performed sequentially by different

data fusion units arranged in tandem is equivalent to a single

node with one bit of memory and performing observations at

different time periods [5] - [7]. As it happened for the parallel

configuration, when facing the design of networks with a serial

distributed configuration researchers derive the optimal fusion

rules performed at each fusion stage under the Bayesian set

up and under the Neyman-Pearson formulation. Specifically,

in [8] and [9] is stated that, under independent sensor observa-

tions given any hypothesis, the optimal decision rule for each

fusion stage matches an optimum Bayesian test or an optimum

Neyman-Pearson hypothesis test when a Bayesian set up or a

Neyman-Pearson formulation is considered, respectively.

Taking into account that in many real scenarios the indepen-

dence assumption among the sensor observations is violated,

many researchers have considered the design of distributed
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detection systems when the local sensor observations are

dependent given any hypothesis. For the parallel architecture

the publications that provided the optimal fusion rules are [10]

and [11]. In a scenario where the sensors send conditionally

dependent local decisions to the fusion center, Drakopoulos

and Lee [10] showed that the optimum fusion rule under the

Neyman-Pearson criterion consists in the joint likelihood ratio

of the messages received by the data fusion center. In [11],

Kam et al. generalized the structure of the optimal data fusion

rule when a Bayes hypothesis test is performed and the sensor

observations are dependent.

So far there are very few results regarding the design of

optimal sensor networks with dependent observations and a

serial architecture. Under the Bayesian set up, in one of the

works that addresses the design of such systems Xiang et
al. [12] provide the necessary conditions for optimal decision

rules. Unlike the scenario where the sensor observations are

independent, from the aforementioned necessary conditions

the authors show that, under dependent sensor observations,

the optimal fusion rules of a serial network are coupled and are

generally not likelihood ratio tests. Under the Neyman-Pearson

formulation, as far as the authors are concerned, research

on optimum distributed detection with tandem networks and

dependent observations has been lacking. Motivated by this

last fact we extend the results provided in [9] in order to

design the 2-D sensor network of Figure 1 when sensor

observations are conditionally dependent. In particular, we

obtain the optimal fusion rules that have to be performed at

each fusion stage under the Neyman-Pearson formulation, in

other words when the probability of detection of the system

is maximized for a given upper bound on the corresponding

probability of false alarm. In this way, we provide a stepping-

stone for the design and analysis of 2-D sensor networks with

serial architecture.

The rest of this paper is organized as follows. Section II

is devoted to the problem statement. In Section III we obtain

the optimal Neyman-Pearson fusion rules for a 2-D distributed

detection system with serial architecture and dependent obser-

vations. Finally, Section IV summarizes our work and gives a

description of the future research lines.

II. PROBLEM STATEMENT

We consider the design of a 2-D sensor network with the

serial configuration shown in Figure 1. This network is formed

by
∑L

j=1 Nj devices with Nj−1 equal to the number of sensor

devices that directly transmit their measurements to one of the

L fusion units of the system. In order to decide what state of

the phenomenon, H0 or H1, is present the considered sensor

network undertakes the following steps. Firstly, a specific set

of Nj − 1 devices performs observations of the environment

and transmits their measurements, to a fusion sensor, S1,j , over

error free parallel access channels. Secondly, in order to make

a binary local decision, uj , regarding the presence or absence

of the event of interest, the aforementioned fusion sensor

uses the local decision rule γj(uj−1,yj) when performing

the fusion of its own measurement and the Nj − 1 received
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Figure 1. Block diagram of a 2-D distributed detection system with serial
configuration.

measurements, yj = [y1,j , y2,j , . . . , yNj ,j ]T ∈ R
Nj , as well as

the local decision uj−1 taken by its preceding fusion sensor

S1,j−1. Afterwards, the resulting local decision is transmitted

to the successor of the fusion sensor, i.e. S1,j+1. Thus, the

final decision of the distributed detection system matches the

one made by the last sensor in the tandem architecture, in

other words, S1,L in Figure 1.

In the detection process each sensor device knows its

fusion node and each fusion node knows its successor, to

put it differently, the fusion node receiving its local decision.

Furthermore, we assume that the sensor observations are

dependent under both hypothesis as a result of the presence

of correlation sources in signals such as the noise or the one

associated with the event of interest in the detection problem.

This implies that the local decisions performed at each fusion

stage, Uj , and the sensor observations, Yi,j , are dependent

under hypothesis Hk with i = 1, 2, . . . , Nj , j = {1, 2, . . . , L}
and k ∈ {0, 1}. At the same time, in addition to the previous

assumption of dependent sensor observations we also consider

that the distributed detection system solves the following

binary hypothesis testing problem under the Neyman-Pearson

formulation

Hk: Y ∼ fY|H(y|Hk) (1)

where, for k ∈ {0, 1},

- Y = [YT
1 , . . . ,YT

L−1,Y
T
L ]T is the set of observations

performed by the devices that form the network.

- fY|H(y|Hk) is the joint probability density function

(p.d.f.) of the sensor observations under hypothesis Hk

and under a generic sensor observation model.

Therefore, if the subsequent expressions

PD(j) = 1 − PM (j) = P (Uj = 1|H1) (2)

and

P
F A

(j) = P (Uj = 1|H0) (3)
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denote the probability of detection and the probability of false

alarm associated with the j-th fusion stage respectively, the

optimal Neyman-Pearson strategy formed by the set of local

fusion rules

Γ = {γj(uj−1,yj)}L
j=1 (4)

is the one that maximizes the probability of detection of the

final decision of the system, PD(L), when its corresponding

probability of false alarm is upper bounded by a constant αL ∈
(0, 1), i.e.

P
F A

(L) = P (UL = 1|H0) ≤ αL ∈ (0, 1). (5)

III. OPTIMAL NEYMAN-PEARSON DESIGN

Here, we design the optimal serial configuration that solves

(1) when a Neyman-Pearson formulation is considered and

when the sensor observations are conditionally dependent

under both hypothesis. In this way, extending the results

obtained in [9] we arrive at the following theorem.

Theorem 1. At the L-th fusion stage of a serial distributed
detection system, the probability of detection PD(L) is max-
imized for a given constraint on the false alarm probability,
P

F A
(L) ≤ αL ∈ (0, 1), when each fusion stage of the network

performs a local fusion rule based on a Neyman-Pearson test
of the form

uj = γj

(
uj−1,yj

)

= ln
(

fY j ,Uj−1|H(yj , uj−1|H1)
fY j ,Uj−1|H(yj , uj−1|H0)

)
H1

≷
H0

τj

(6)

where, for j ∈ {1, 2, . . . , L} and k ∈ {0, 1},

- U0 = ∅.
- fY j ,Uj−1|H(yj , uj−1|Hk) denotes the joint probability

density function of the sensor observations Y j and the
binary local decision Uj−1 under Hk.

- τj is a constant chosen to bound the probability of false
alarm P

F A
(j) to a given value αj ∈ (0, 1).

Proof:
We start the proof by showing that (6) matches the local pro-

cessing scheme that maximizes the probability of detection at

the L-th fusion stage subject to a given constraint, αL ∈ (0, 1),
on the corresponding probability of false alarm. To do that, as

it happens in the derivation of Neyman-Pearson optimal fusion

rules for other network topologies, the Lagrange multiplier

method can be used [13]. In particular, for our constrained

optimization problem we minimize the subsequent Lagrangian

or objective function

F =ηL(1 − αL)

+
∑
uL−1

∫
yL

P (UL = 0|uL−1, yL)

× fY L,UL−1|H(yL, uL−1|H1) dyL

− ηL

∑
uL−1

∫
yL

P (UL = 0|uL−1, yL)

× fY L,UL−1|H(yL, uL−1|H0) dyL

(7)

Analyzing the previous expression, we can easily check that

PD(L) is maximized for P
F A

(L) ≤ αL ∈ (0, 1) when this

decision rule is performed at the L-th fusion node

P (UL = 0|uL−1,yL)

=

⎧⎪⎨
⎪⎩

0
fY L,UL−1|H(yL,uL−1|H1)

fY L,UL−1|H(yL,uL−1|H0)
> ηL

1 Otherwise

(8)

In other words, due to the fact that in our constraint optimiza-

tion problem

ln(ηL) = τL, (9)

from (8) we show that the fusion rule given in (6) for j = L
is the one that maximizes the probability of detection at the

L-th fusion stage when the corresponding probability of false

alarm, P
F A

(L), is upper bounded by αL ∈ (0, 1).
Knowing that the L-th fusion stage matches the subsequent

optimum Neyman-Pearson test

uL = γL (uL−1,yL)

= ln
(

fY L,UL−1|H(yL, uL−1|H1)
fY L,UL−1|H(yL, uL−1|H0)

)
H1

≷
H0

τL

(10)

we now prove that the rest of the fusion stages have to perform

an optimum Neyman-Pearson test if we want to maximize

PD(L) when P
F A

(L) is upper bounded by the constant αL ∈
(0, 1). In order to show this, we require for a fixed P

F A
(L)

and for any arbitrary but fixed P
F A

(L − 1) at the (L − 1)-th
fusion stage, the PD(L) to be a monotonic increasing function

of PD(L−1). Toward this goal, first note that using the chain

rule of probability [14]

ln
(

fY L,UL−1|H(yL, uL−1|H1)
fY L,UL−1|H(yL, uL−1|H0)

)

= Λ (Y L|uL−1) + ln
(

PUL−1|H(uL−1|H1)
PUL−1|H(uL−1|H0)

) (11)

with

Λ (Y L|uL−1) = ln
(

fY L|UL−1,H(yL|uL−1, H1)
fY L|UL−1,H(yL|uL−1, H0)

)
. (12)

From these last two expressions together with these two

definitions,

F
(uL−1)
L (s|Hk) = P (Λ (Y L|uL−1) < s|Hk) (13)

and

tL(uL−1) = τL − ln
(

PUL−1|H(uL−1|H1)
PUL−1|H(uL−1|H0)

)

=

⎧⎪⎪⎨
⎪⎪⎩

τL − ln
(

1−PD(L−1)
1−P

F A
(L−1)

)
if uL−1 = 0,

τL − ln
(

PD(L−1)
P

F A
(L−1)

)
if uL−1 = 1,

(14)

141



we have the subsequent expression for the probability of

detection

1 − PD(L) = PD(L − 1) · F (1)
L (tL(1)|H1)

+ (1 − PD(L − 1)) · F (0)
L (tL(0)|H1)

(15)

and the probability of false alarm

1 − P
F A

(L) = P
F A

(L − 1) · F (1)
L (tL(1)|H0)

+ (1 − P
F A

(L − 1)) · F (0)
L (tL(0)|H0)

(16)

associated with the local processing scheme employed by the

L-th fusion stage. Consequently, if f
(uL−1)
L (s|Hk) denotes the

p.d.f. of Λ (Y L|uL−1) under Hk with k ∈ {0, 1}, i.e.

f
(uL−1)
L (s|Hk) = fΛ(Y L|uL−1)|H (s|Hk) , (17)

in order to complete the proof we have to show that the

derivative of (15) with respect to (w.r.t.) PD(L − 1) satis-

fies (18) given at the top of the next page. Looking at (18)

we can appreciate that the derivative of (15) w.r.t. PD(L− 1)
depends on the derivative of τL w.r.t. PD(L−1) shown in (19)

just after (18). As it can be appreciated in (13)-(16), the

aforementioned dependency is due to the fact that if PD(L−1)
is changed, then the threshold τL at the L-th fusion stage has

to change in order that P
F A

(L) remains fixed at the same time

as being upper bounded by αL ∈ (0, 1).
If we bear in mind (19), we have that (18) holds as long as

A1(L) = F
(0)
L (tL(0)|H1) − F

(1)
L (tL(1)|H1) > 0 (20)

and the term in brackets appearing in (17) is less than or equal

to zero. On the one hand, using (19), after some algebraic

manipulations we realize that the term in brackets appearing

in (18) is less than or equal to zero when the subsequent

sufficient condition is satisfied

(
f
(0)
L (tL(0)|H1)

f
(0)
L (tL(0)|H0)

)
(

f
(1)
L (tL(1)|H1)

f
(1)
L (tL(1)|H0)

) ≤ e(tL(0)−tL(1)). (21)

Remembering that f
(uL−1)
L (s|Hk) is the p.d.f. of the log-

likelihood ratio Λ (Y L|uL−1) under the hypothesis Hk with

k ∈ {0, 1}, we can state that (21) holds with equality since

the likelihood ratio of the log-likelihood ratios is the likelihood

ratio itself [15]. On the other hand, the proof for (20) is more

elaborated. In particular, under the reasonable assumption

A1(j) �= 0 (22)

for all j ∈ {2, 3, . . . , L}, this proof is based on applying

an inductive reasoning to the following lower bounds for the

probability of error associated with the local decision made at

the L-th fusion stage

Pe(L) = P (H0) ·
(
1 − F

(0)
L (tL(0)|H0)

)

+ P (H1) · F (1)
L (tL(1)|H1)

+ P (H0) · PF A
(L − 1) · A0(L)

+ P (H1) · PM (L − 1) · A1(L)
≥ Pe(L − 1) · B(L)

≥ Pe(1)
L∏

j=2

B(j)

(23)

where, for j ∈ {2, 3, . . . , L} and k ∈ {0, 1}, P (Hk) denotes

the prior probability of hypothesis Hk and

B(j) = min
k∈{0,1}

{Ak(j)}

≤ Ak(j) = F
(0)
j (tj(0)|Hk) − F

(1)
j (tj(1)|Hk) .

(24)

Due to the fact that (21) is satisfied with equality, if (22)

were not satisfied,
∂ PD(j)

∂ PD(j−1) would be equal to zero for

j ∈ {2, 3, . . . , L}. However, this result makes no sense in a

practical tandem network since the decision of a specific fusion

node would not have any effect on the detection performance

of the next fusion stage.

From (22) and (24) the proof for (20) results in showing

that B(j) ≥ 0 for all j ∈ {2, 3, . . . , L}. For j = 2, using (23)

as well as the definition for the probability of error associated

with the first fusion stage we can write

Pe(2) ≥ Pe(1) · B(2) ≥ P (H1) · PM (1) · B(2) (25)

where the second inequality follows since

Pe(1) > P (H1) · PM (1) (26)

when P (H0) > 0 and P
F A

(1) ≤ α1 ∈ (0, 1). Furthermore, if

we assume that B(2) < 0 we have that Pe(1) · B(2) < 0 and

that P (H1) · PM (1) · B(2) ≤ 0. At the same time, from (26)

we can easily check that the modulus of the first quantity is

greater than the modulus of the second one. However, this is

not consistent with (25) since a negative quantity can never be

lower bounded by zero or by another negative quantity whose

modulus is lower. Thus, B(2) ≥ 0 can only happen.

Next, we are going to prove that B(j) ≥ 0 for all j ∈
{3, 4, . . . , L}. To do that, firstly consider that B(s) < 0 for

some s ∈ {3, 4, . . . , L}, and that B(t) ≤ 0 for some t ∈
{2, 3, . . . , s − 1}. In addition, assume that B(j) ≥ 0 for all

j ∈ {2, 3, . . . , L} with j �= s and j �= t. Under the previous

constraints, in order to be consistent with (23) we can state

that the subsequent inequalities

Pe(r) ·
L∏

j=r+1

B(j) ≤ 0, (27)

with r ∈ {t, t + 1, . . . , s − 1}, are lower bounded by

Pe(r − 1) ·
L∏

j=r

B(j) ≥ 0 (28)

142



∂ PD(L)
∂ PD(L − 1)

= F
(0)
L (tL(0)|H1) − F

(1)
L (tL(1)|H1)

−
[
PD(L − 1) · f (1)

L (tL(1)|H1) ·
(

∂ τL

∂ PD(L − 1)
− 1

PD(L − 1)

)

+(1 − PD(L − 1)) · f (0)
L (tL(0)|H1) ·

(
∂ τL

∂ PD(L − 1)
− 1

1 − PD(L − 1)

)]
> 0

(18)

∂ τL

∂ PD(L − 1)
=

P
F A

(L−1)

PD(L−1) · f (1)
L (tL(1)|H0) − 1−P

F A
(L−1)

1−PD(L−1) · f (0)
L (tL(0)|H0)

P
F A

(L − 1) · f (1)
L (tL(1)|H0) + (1 − P

F A
(L − 1)) · f (0)

L (tL(0)|H0)
(19)

for all r ∈ {2, 3, . . . , t}. Thus, (27) and (28) can only occur

when

Pe(r) = Pe(q − 1) ·
r∏

j=q

B(j) = 0. (29)

for all r ∈ {t, t + 1, . . . , s − 1} and all q = {2, 3, . . . , r}.

However, (29) is never going to occur because P
F A

(j) ≤
αj ∈ (0, 1) for all j ∈ {1, 2, . . . , L}. In other words, after a

strictly negative element B(s) < 0, with s ∈ {3, 4, . . . , L}, the

sequence {B(j)}s−1
j=2 can not have an element lower than or

equal to zero. Finally, in order to complete the proof, we study

the case where B(s) < 0 for some s ∈ {3, 4, . . . , L}, and that

B(j) ≥ 0 for all j ∈ {2, 3, . . . , L} with j �= s. From (23) and

the definition of the probability of error associated with the

(s − 1)-th fusion stage we have that

Pe(s) ≥ Pe(s − 1) · B(s) ≥ P (H1) · PM (s − 1) · B(s)
(30)

with s ∈ {3, 4, . . . , L}. Additionally, if we assume that

B(s) < 0, from (30) we can note that

Pe(s − 1) · B(s) ≤ 0 (31)

is lower bounded by

P (H1) · PM (s − 1) · B(s) ≤ 0. (32)

Taking into account that the modulus of the left-hand side

of (31) is greater than or equal to the modulus of the left-

hand side of (32), the last inequality provided in (30) is only

true when

Pe(s − 1) = P (H1) · PM (s − 1). (33)

However, (33) does not hold because P (H0) > 0 and P
F A

(s−
1) ≤ αs−1 ∈ (0, 1) for all s ∈ {3, 4, . . . , L}. Therefore, at this

point we can now state B(j) ≥ 0 for all j ∈ {2, 4, . . . , L}.

Consequently, from (22) and (24) we have that the elements

of the sequence {A1(j)}L
j=1 are all strictly positive. In this

way, we conclude the proof of the theorem.

From the results obtained in Theorem 1 several important

aspects can be appreciated. First, as it happens for a sce-

nario where the sensor observations are independent [9], for

a tandem network with dependent observations the optimal

Neyman-Pearson fusion rules are Neyman-Pearson hypothesis

tests performed on the available observations at each fusion

stage. Second, using (11) and (12) it can be checked that, under

dependent sensor observations, the optimal Neyman-Pearson

fusion rule provided in (6) for a specific fusion node j matches

a log-likelihood ratio test between fY j |Uj−1,H(yj |u0, H0)
and fY j |Uj−1,H(yj |u0, H1) when uj−1 = u0 ∈ {0, 1} and

j ∈ {1, 2, . . . , L}. Therefore, the implementation of the

optimal Neyman-Pearson fusion rules in a tandem network

requires either a numerical computation of the aforemen-

tioned probability density functions or the assumption of some

statistical model supported by some prior knowledge. For

instance, based on some prior knowledge it could be assumed

that fY j |Uj−1,H(yj |u0, Hk) denotes a multivariate Gaussian

distribution whose mean vector and covariance matrix depend

on the value u0 of the preceding local decision as well as the

hypothesis Hk with k ∈ {0, 1}. Finally, the last aspect has

to do with the constraints on the probabilities of false alarm

associated with each fusion stage. In fact, we want to remark

that for the maximization of PD(L) when P
F A

(L) is upper

bounded by a given constraint αL ∈ (0, 1), as it is stated

in [9] we need a multidimensional search w.r.t. the variables

αj with j = {1, 2, . . . , L − 1}. Otherwise, for the sake of

simplicity the probabilities of false alarm associated with each

stage could be kept the same. However, under this scenario the

maximum probability of detection at the L-th fusion stage is

not guaranteed.

IV. CONCLUSIONS

In this paper, we addressed the design of a distributed detec-

tion system with serial architecture. In particular, we derived

the optimal Neyman-Pearson decision rules associated with

each fusion stage of a tandem network that solves a distributed

detection problem under dependent sensor observations. In

addition, during the design we considered that, based on the

information available at each fusion stage, the decision rules

provide a binary message regarding the presence or absence of

an event of interest. To be more precise, in our design the local

decision rule associated with each fusion stage only depends

on the result of fusing its own measurement, the measurements

received from the sensor nodes that directly communicate

with it over error free parallel access channels, and the local
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decision taken by the preceding fusion node. In this way, we

extended the local fusion rules provided in [9] for a tandem

network where the sensor observations are conditionally inde-

pendent. At the same time, as it happens in [9], we showed

that, under the Neyman-Pearson criterion, the optimal fusion

rules of a serial configuration with dependent observations also

match optimal Neyman-Pearson tests based on the information

available at each fusion stage.

Up to now, there are very few results that design and analyze

distributed detection systems with dependent observations and

a serial architecture. Because of this, there is a big number

of possible future research lines. We will only mention a pair

of them. In order to provide more design guidelines for the

networks considered in this work, as it has been done for

the parallel configurations an appealing extension would be a

characterization of the corresponding detection performance.

Mathematical and statistical tools obtained from the large

deviation theory as well as the information theory could be em-

ployed when facing the aforementioned problem. Furthermore,

it would be of great value to extend the previous research line

under a Bayesian set up. This way, with the proposed studies as

well as the results given in this correspondence, we hope that

the design of distributed detection systems with more compli-

cated structures and dependent sensor observations receive an

increasingly growing interest.
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