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Abstract—A distributed data selection technique for fusion
center (FC)-based estimation with a wireless sensor network
(WSN) is presented. The data selection is envisioned for a
large WSN in which only a subset of measurements need be
transmitted to the FC thereby saving on transmission power.
Furthermore, quantization of the selected measurements leading
to bandwidth savings is also addressed. A novel data selection
method using measurement censoring is followed by maximum
a posteriori estimation that optimally fuses information from
the censored-data model. Censoring and estimation algorithms
that are amenable to implementation with WSNs are developed.
Bayesian Cramér-Rao bound analysis and numerical simulations
show that the proposed censoring-based estimator and quantized-
censored estimator have competitive (or even superior) mean-
square error performance when compared to data selection
alternatives under a range of sensing conditions.

Keywords: sensor selection, MAP estimation, censoring,

data reduction, quantization.

I. INTRODUCTION

The practical operation of wireless sensor networks (WSNs),

both in civilian and military applications, faces the dual chal-

lenges of having to fuse increasingly complex and enormous

amount of data while keeping the sensing and communication

resource utilization at a minimum. Typically the sensor nodes

are battery operated and have a limited radio range with low

to moderate data transmission rates. A comparison of energy

budget per sensor for the operations of sensing, data storage

(writing and reading from memory), and sensor transmissions

to the fusion center (FC), show that storage-related and

transmission-related energy expenditures are, on average, an

order of magnitude larger than that expended in sensing or

maintaining sensor idle status [9].

The WSN application in the context of this work is signal

estimation based on noise-corrupted measurements collected at

the sensor nodes, with a novelty of each sensor autonomously

deciding to conserve power by censoring its measurement. Sen-

sor censoring allows an FC to optimally combine information

from the uncensored measurements and achieve estimation

mean-square error (MSE) performance that is competitive

(or even surpassing) other data selection methods, at lower

computational complexity. The unknown signal is modeled

as random and a maximum a posteriori (MAP) estimator is

derived. Using the Bayesian Crámer-Rao Bound (BCRB) and

the MSE of a full-data MAP estimator as benchmarks, MSE

performance of the proposed censor-estimator and quantized

censor-estimator are assessed. Furthermore, differences with

existing data selection methods in the literature are high-

lighted.

There are many works dealing with data selection for infer-

ence using WSNs. The idea of censoring for data-reduction has

found application in distributed detection [1], [3]. The work

in [5] on data selection for estimation focuses on picking a

subset of sensors whose measurements are predicted to effect

largest reduction on estimation MSE. Unlike [5] where data

selection is performed at the FC, the proposed censoring is

implemented in a distributed fashion at the sensor nodes, using

acquired measurements in the selection step. This leads to a

selection algorithm that scales well with the size of the WSN.

Furthermore, for applications where sensor measurements are

identically distributed, it will be shown that the censoring

approach outperforms the selection-based approach of [5].

The contributions of this work include: (i) a data selection

method using measurement censoring that is amenable to

implementation with distributed WSNs; (ii) an algorithm to

obtain MAP signal estimates by optimally fusing information

from the censored-data; (iii) an estimation algorithm that incor-

porates quantized uncensored measurements thereby achieving

flexible trade-off between data-rate and MSE performance

of the resultant quantized-censored MAP estimator; and (iv)

BCRB analysis that sheds light on the bound of the MSE for

the proposed estimators.

The rest of this paper is structured as follows. Section II

presents the data model, problem definition and MAP esti-

mation based on data selection. Section III deals with data

selection via censoring and the corresponding censoring-based

MAP estimator. Extension to quantized uncensored data is

detailed in Section IV. Simulations are presented in Section V,

concluding remarks are offered in Section VI.

Notation: Vectors (resp. matrices) are denoted using lower

(upper) case boldface letters. The probability density function

(pdf) of y conditioned on x is denoted as p(y|x), where y
denotes both the random variable as well as the value it

takes. A Gaussian pdf with mean E[y] = µy and variance

var[y] = σ2 is represented as p (y) = N [y; µy, σ
2] and
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the Gaussian complementary cumulative distribution function

(ccdf) is defined as Q(z) :=
∫∞
z

N [v; 0, 1] dv. The exponential

Gaussian function is defined as φ(x) := e−x2/2
√
2π

. The probabil-

ity mass function (pmf) of an event A is denoted as Pr[A]. An

estimator for θ will be represented as θ̂. The Dirac delta (resp.

the Kronecker) distribution will be represented as δ(t) (resp.

δij), whereas a superscript T will stand for vector or matrix

transposition. The indicator function of an event A is denoted

as 1{A}. The notation C ≻ 0 (resp. C � 0) represents a

positive definite (resp. positive semi-definite) matrix C.

II. MODEL AND PROBLEM DEFINITION

Consider a WSN with K sensor nodes {Sk}Kk=1 deployed

to monitor a physical phenomenon. A noisy signal measured

at the k-th sensor Sk obeys the linear regression model

y∗k = hT
k θ + vk , k = 1, . . . , K (1)

where hk ∈ R
p denotes the vector of known regressors

at Sk, θ ∈ R
p is a vector of unknown parameters to be

estimated, which is assumed to be random with a Gaussian

prior pdf p(θ) = N (θ;µθ,Cθ). The noise vk is independent,

identically distributed (iid) Gaussian, with zero-mean, and

known variance σ2.

Model (1) can be generalized to accommodate vector mea-

surements y∗
k = HT

k θ+vk, where y∗
k ∈ R

q and p(vk) =

N (vk;0,Cvk). By noise pre-whitening ỹ∗
k := C

−1/2
vk y∗

k , each

entry of ỹ∗
k can be treated as a scalar measurement (1). In the

sequel, focus will be on scalar sensor measurements.

The main objective is to derive estimators of θ at the FC

based on a selected subset of K̄ (< K) measurements {y∗k}
K
k=1.

Ideally, the K̄ selected measurements, communicated to the

FC, should lead to the minimal estimation MSE of any K̄ out

of the possible K measurements. It is assumed that {hk}Kk=1

and σ2 are known at the FC - this information can be acquired

during a training phase or from knowledge of the physics of

the problem. Each sensor Sk is assumed to know hk, σ2, and

the prior pdf p(θ).

A. Maximum a Posteriori Estimation

With θ modeled as a Gaussian random vector, and {y∗k}
K
k=1

available at the FC, the MAP estimator of θ is obtained as

θ̂MAP (K) = arg max
θ∈Rp

p(θ|y∗) = arg max
θ∈Rp

K
∏

k=1

p(y∗k|θ) p(θ)

(2)

where y∗ := [y∗1 , . . . , y
∗
K ]T , and p(y∗k|θ) = N (y∗k;h

T
k θ, σ

2).
The second equality in (2) follows after using Bayes rule and

conditional independence of the measurements y∗k given θ.

Taking negative logarithm of (2), while ignoring additive terms

not dependent on θ, an equivalent closed-form expression for

the MAP estimator is [16]

θ̂MAP (K) = (3)

arg min
θ∈Rp

{

1

σ2

K
∑

k=1

(y∗k − hT
k θ)

2 + (θ−µθ)
TC−1

θ
(θ−µθ)

}

=

(

K
∑

k=1

hkh
T
k +σ2C−1

θ

)−1( K
∑

k=1

y∗khk+σ2C−1
θ

µθ

)

with estimator MSE matrix given by

CMAP (K) := E

[

(θ̂MAP (K)− θ)(θ̂MAP (K)− θ)T
]

= σ2

(

K
∑

k=1

hkh
T
k + σ2C−1

θ

)−1

. (4)

The estimator MSE is obtained as tr[CMAP (K)]. For the

linear-Gaussian model (1), the MAP estimator coincides with

the Bayesian MSE-optimal estimator [16, Ch. 11], i.e., it has

the lowest MSE of all estimators based on {y∗k}
K
k=1. The

MAP estimator (3) will benchmark performance of estimators

derived in Sections III and IV which are based on a subset

K̄ of the K measurements. Incidentally, the MAP estimator

in (3) coincides with the maximum likelihood estimator of a

non-random θ when C−1
θ

= 0 [16].

B. MAP Estimation with Data Selection

In order to realize the optimality offered by the MAP

estimator, each Sk needs to transmit y∗k to the FC. In a

resource-scarce setting of the envisioned WSN, this approach

places unrealistic burden on transmission resources of each

sensor. Measurement selection mitigates the burden by having

only K̄ sensors transmitting measurements to the FC. In

principle, given the K̄ selected measurements, a selection-

based MAP (sMAP) estimator is given by

θ̂sMAP (K̄) = arg max
θ∈Rp

p(θ|y, s) (5)

where y ∈ R
K has zero entries corresponding to measure-

ments not selected, and s ∈ {0, 1}K denote measurement

selection, i.e.,

(yk, sk) :=

{

(y∗k, 1), if y∗k selected
(0, 0), if y∗k not selected,

where
∑K

k=1 sk = K̄.

Following [5], s ∈ {0, 1}K are selected to approximately

minimize tr
{(

∑K
k=1 skhkh

T
k + σ2C−1

θ

)−1}

subject to the

constraint
∑K

k=1 sk = K̄. This sensor selection method is

inspired by a method known as Bayesian A-optimal design

in the applied statistics subfield dealing with the design of

optimal experiments [14]. The algorithm for centralized data

selection incurs computational complexity given by O(K3).
Since the selection cost function given by the trace of the

MSE matrix is not dependent on the measurements, the sensor

selection problem is solved off-line at an FC prior to sensors

acquiring any measurements.
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Given the optimal selection indices, only the K̄ measure-

ments {y∗k : sk = 1} are acquired and sent to the FC for

estimation. It turns out that for the linear-Gaussian model (1)

where the estimator MSE matrix used in sensor selection is

not a function of either the unknown θ or y∗, the sMAP

estimator (5) results in the MAP estimator (3)-(4) using only

the selected K̄ measurements. This approach to data-selection

and estimation is detailed in [5]. If non-linear or non-Gaussian

models were considered, typically approximations would be

needed in order to use the centralized sensor selection cri-

terion of [5] since the MSE matrix will, at least, either be

measurement-dependent or dependent on the unknown θ.

In Section III-A decentralized sensor data selection is ad-

dressed via measurement censoring whose overall complexity

scales as O(K), or O(1) per sensor.

III. DATA CENSORING AND MAP ESTIMATION

MAP estimation based on censored data will be addressed as

an alternative to estimation based on the centralized selection.

Analysis of the Bayesian MSE for the censored MAP (cMAP)

estimator will follow. First, the censoring technique is detailed.

A. Measurement Censoring

Measurements from the linear model (1), have the pdf

p(y∗k) = N (y∗k;µy∗

k
, σ2

y∗

k
), where µy∗

k
:= hT

kµθ and σ2
y∗

k
:=

hT
kCθhk + σ2. By leveraging knowledge of the data pdf at

sensor nodes, let censoring be carried out locally per sensor

as follows

yk =

{

y∗k, if
|y∗

k−µy∗
k
|

σy∗
k

> tk ,

0, otherwise .
(6)

The normalized measurements zk :=
y∗

k−µy∗
k

σy∗
k

have the pdf

p(zk) = N (zk; 0, 1). Letting sk := 1{yk 6=0}, the probability

that a measurement is not censored is given by

Pr[sk = 1] = Pr[|zk| > tk] = 2Q(tk) (7)

where tk > 0 is a censoring threshold. The Gaussian pdf of

zk is used to obtain the second equality in (7). If the expected

number of uncensored measurements, E[
∑K

k=1 sk], is bounded

to be at most K̄, it follows that

E

[

K
∑

k=1

sk

]

=

K
∑

k=1

Pr[|zk| > tk] = 2

K
∑

k=1

Q(tk) ≤ K̄ . (8)

Let the desired fraction of uncensored measurements be

ρ := K̄/K , then the bound in (8) becomes

1

K

K
∑

k=1

Q(tk) ≤
1

2
ρ .

Since zk are identically distributed, identical thresholds

tk = t for k = 1, . . . , K , will be used, leading to the

threshold selection condition Q(t) ≤ 1
2ρ, which implies that

t := Q−1(ρ/2) (9)
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Figure 1. Truncated Gaussian pdf from the censored data model

is the censoring threshold for which the average number of

uncensored measurements is K̄ . The censoring in (6) can

equivalently be expressed as

yk :=

{

0, if τ1k ≤ y∗k < τ2k
y∗k, otherwise

(10)

where τ1k := −t σy∗

k
+ µy∗

k
and τ2k := t σy∗

k
+ µy∗

k
. The

corresponding censor indicator is then

sk :=

{

0, if yk = 0 ,
1, otherwise .

(11)

Fig. 1 depicts an example of the censored-data pdf for t = 0.5,

σ2
y∗

k
= 1, and µy∗

k
= 1 leading to τ1k = 0.5 and τ2k = 1.5.

B. MAP Estimation based on Censored Data

Using the K measurements {y, s}, where y :=
[y1, y2, . . . , yK ]T and s ∈ {0, 1}K, the cMAP estimator is

obtained as

θ̂cMAP =argmax
θ∈Rp

p(θ|y, s) = arg max
θ∈Rp

p(y, s|θ)p(θ) (12)

since p(θ|y, s) ∝ p(y, s|θ)p(θ) from Bayes’ rule.

Lemma 1 For the latent data model (1) and with the cen-

soring per sensor defined as in (10), the censored data

{yk, sk}Kk=1 in (10) – (11) are conditionally independent given

θ, i.e., p(y, s|θ) =
∏K

k=1 p(yk, sk|θ).

Proof: From the uncensored data model (1), where the

additive noise sequence {vk} is iid, it follows that p(y∗|θ) =
∏K

k=1 p(y
∗
k|θ), where p(y∗k|θ) = N (y∗k;h

T
k θ, σ

2). Since the

censoring is done separately for each measurement, it follows

that {yk, sk}Kk=1 is a sequence of independent random vari-

ables as well.

It then follows from (1), (10), and (11) that

p(yk, sk|θ) =

{

N (yk;h
T
k θ, σ

2), if sk = 1
Pr[yk = 0|θ], if sk = 0
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where

Pr[yk=0|θ] = Q

(

τ1k−hT
k θ

σ

)

−Q

(

τ2k−hT
k θ

σ

)

.

Using z1k :=
τ1k−h

T
k θ

σ and z2k :=
τ2k−h

T
k θ

σ , the product terms

in (12) can be written compactly as

p(y, s|θ)p(θ)=
K
∏

k=1

[

N (yk;h
T
k θ, σ

2)
]sk

[Q(z1k)−Q(z2k)]
1−sk

×N (θ;µθ,Cθ) . (13)

Taking the negative logarithm of (13), while ignoring additive

terms that do not depend on θ, yields

ℓBK (θ)=

K
∑

k=1

{

sk
2σ2

(

yk − hT
k θ
)2

−(1−sk) ln

[

Q

(

τ1k − hT
k θ

σ

)

−Q

(

τ2k − hT
k θ

σ

)]

}

+
1

2
(θ − µθ)

TC−1
θ

(θ − µθ). (14)

The cMAP estimator (12) can thus be obtained as

θ̂cMAP = arg min
θ∈Rp

ℓBK (θ) . (15)

The following proposition summarizes conditions that ensure

a unique solution to the optimization problem (15).

Proposition 1 The function ℓBK(θ) in (14) is a strictly convex

function of θ, if at least one of the following conditions holds:

(i)

K
∑

k=1

hkh
T
k ≻ 0 ; (ii) Cθ ≻ 0 .

The proof, detailed in [12], relies on establishing the following

facts: (i) the prior pdf p(θ) is a log-concave function of θ,

and (ii) the Gaussian pdf p(y∗|θ) is log-concave function of

θ, given
∑K

k=1 hkh
T
k � 0.

The steps involved in censoring together with a Newton

iteration for finding the cMAP estimator (15) are given next.

C. Censored MAP Algorithm

The function ℓBK(θ) is doubly differentiable with gradient

gK(θ) := ∇θℓ
B
K(θ) and Hessian HK(θ) := ∇θ∇T

θ
ℓBK(θ)

given respectively by

gK(θ) =

K
∑

k=1

βk(θ)hk +C−1
θ
(θ − µθ) (16)

HK(θ) =

K
∑

k=1

γk(θ)hk h
T
k +C−1

θ
(17)

where βk(θ) and γk(θ) are defined in Appendix A.

The details of how the censoring and iterative estimation are

implemented with an FC-based WSN are given next. All the

uncensored sensors transmit their measurements directly to the

FC. A round-robin sensor transmission schedule is envisioned

such that at the k-th time slot Tk, Sk is scheduled to transmit.

T 1 T 2 T k T K

Time slots

Transmission

Fusion 

center

T KT kT 1

1

2

k

K
Wireless

sensor

network

ac!ve sensor censored sensor

Figure 2. Transmission of uncensored data from WSN to FC

If Sk censors its measurement, Sk+1 transmits. More elaborate

sensor scheduling protocols are also possible; see e.g., [2].

Fig. 2 illustrates the sensor-FC communication set-up as well

as the slotted-time transmission with measurement censoring.

It is further posited that sensor-FC transmissions are error-free

– this may be achieved using sufficiently powerful channel

coding schemes.

The computation and communication steps for censoring

and cMAP estimation are tabulated as Algorithm 1 and Algo-

rithm 2, respectively.

Algorithm 1 Censoring (cMAP)

Require: FC knows {hk}
K

k=1, σ2, µθ , Cθ , ρ
Sk knows hk, µθ , Cθ , σ2, y∗

k

Initialization:
FC: Calculates t := Q−1(ρ/2)
FC: Broadcasts t
for k = 1, 2, . . . ,K do
Sk: Receives t, and calculates thresholds τ1k and τ2k
Sk: Censor y∗

k to find yk using (10)
if yk 6= 0 then
Sk: Transmit yk to FC

else
Sk: Stays idle

end if
end for

D. Performance Analysis of the cMAP Estimator

The BCRB provides a lower bound on the Bayesian MSE

of an estimator [17, p. 72]. The BCRB is based on the Fisher

information matrix (FIM) IK , which is defined as

IK := E
[

∇θln p(y, s, θ) ∇
T
θ
ln p(y, s, θ)

]

=

K
∑

k=1

γ̄khkh
T
k +C−1

θ
. (18)

Derivation of the FIM in (18), including the definition of γ̄k,

is summarized in Appendix B. The BCRB for the censored-
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Algorithm 2 Estimation (cMAP)

Require: Gradient tolerance ǫ > 0; maximum iterations ιmax

Data Reception:
FC: Receive {yk}

K

k=1, where yk=0 if no received data at time Tk

if yk = 0 then
FC: sk = 0

else
FC: sk = 1

end if
Estimation:
FC: Initialize i← 0, draw θ̂(0) from N (θ;µθ,Cθ)
repeat

FC: Calculate ℓBK(θ̂(i)), gK(θ̂(i)), and HK(θ̂(i)) using (14),
(16), and (17)
FC: Find α(i) using Armijo’s line search rule [4]

FC: θ̂(i) ← θ̂(i) − α(i)
[

HK(θ̂(i))
]

−1

gK(θ̂(i))

FC: i← i+ 1
until ‖gK(θ̂(i))‖ ≤ ǫ OR i = ιmax

FC: Set θ̂cMAP = θ̂(i)

data model, which provides a lower bound on the MSE of any

Bayesian estimator based on the censored data, is given by

Lemma 2.

Lemma 2 Given the prior pdf p(θ), for any estimator θ̂ of θ

based on {y, s} drawn from the pdf p(y, s) it holds that

E

[

(θ̂ − θ)(θ̂ − θ)T
]

− [IK ]−1 � 0

where E[·] is over the joint pdf p(y, s, θ).

IV. ESTIMATION WITH QUANTIZED-CENSORED DATA

Further power and bandwidth savings are possible by quan-

tizing the uncensored data. Data quantization for estimation

with WSNs has been an active research area for a number

of years [6], [15]. If the Sk measurement is not censored,

i.e., {yk /∈ [τ1k, τ2k) and sk = 1}, the conditional pdf

p(yk|sk = 1) can be shown to be the truncated Gaussian

p(yk|sk = 1) =
N (yk;µyk

, σ2
yk
)

Pr[yk 6= 0]
1{yk 6=0} (19)

where µyk
:= hT

k µθ, and σ2
yk

:= hT
kCθhk + σ2. Using (7)

and (9), Pr[yk 6= 0] = ρ. Due to symmetry of the pdf in (19), it

follows readily that E[yk|s = 1] = hT
kµθ and cov(yk, yl|s =

1) = hT
k Cθhl + σ2δlk.

First, measurements are censored as detailed in Sec-

tion III-A to yield {yk}Kk=1. Then, each yk 6= 0 is quantized

using an L-level Lloyd-Max quantizer [10]. Fig. 3 illustrates

the quantization and censoring steps involved.

C ensoring Q uantiza tionC ensoring Q uantiza tionC ensoring Q uantiza tionC ensoring Q uantiza tion

Figure 3. Censoring and Quantization at sensor Sk

Since the quantized data are not intended to be reconstructed

but rather used in estimation of θ, a uniquely-defined codebook

corresponding to uniquely identifiable intervals is sufficient.

The codebook is defined as J := {±1,±2, . . . ,±L
2 }, where

|J | = L. The set of partition thresholds {τj}j∈J is found

using Lloyd’s algorithm; see also [7]. The quantization step,

following the censoring (10)-(11), yields the finite-alphabet

data

bk :=

{

j, if yk ∈ (τj , τj+1] , j ∈ J ,
sk, otherwise .

(20)

Only uncensored measurements need to be transmitted to

the FC. Consequently, the input data of the quantizer are

distributed according to the truncated Gaussian pdf (19). The

quantizer partitions are illustrated in Fig. 4.

Following the quantization, the sensor measurements b :=
[b1, b2, . . . , bK ]T and s := [s1, s2, . . . , sK ]T are all discrete,

leading to the conditional pmf

Pr[s, b, {dj}j∈J |θ]

=

K
∏

k=1

{

Pr [sk = 0|θ](1−sk)
∏

j∈J
Pr [bk = j|θ] djk

}

where dj := [dj1, dj2, . . . djK ]T and djk := 1{bk=j}. For each

k, the selection indicators {djk}j∈J can have only one non-

zero entry corresponding to the codeword j ∈ J from the

quantization in (20). Incidentally,
∑

j∈J djk = sk.

Since the posterior is p(θ|s, b,d) ∝ Pr[s, b,d|θ]p(θ), the

negative logarithm of the posterior pmf, ignoring additive

terms not dependent on θ, is given by

ℓBQ
K (θ) =−

K
∑

k=1

{

(1−sk) ln [Q(z1k)−Q(z2k)]

+
∑

j∈J
djk ln [Q(z̄1jk)−Q(z̄2jk)]

}

+
1

2
(θ − µθ)

TC−1
θ

(θ − µθ) . (21)

where, z̄1jk :=
τj−h

T
k θ

σ , and z̄2jk :=
τj+1−h

T
k θ

σ . The gradient

and Hessian of the cost function (21) are summarized in Ap-

pendix C. Algorithms for qcMAP censoring and estimation can

be obtained by replacing yk with bk and ℓB(·),gK(·),HK(·)
with ℓBQ(·),gQ

K(·),HQ
K(·) (cf. Appendix C) in Algorithms 1

and 2, respectively. The expression for the FIM of the

quantized-censored pmf is given in Appendix D.

V. NUMERICAL TESTS

Simulations were carried out for the linear model (1). The

entries of the regressors {hk}Kk=1 were picked uniformly over

[−1, 1], and kept fixed for all N = 103 Monte Carlo runs,

with K = 100 sensors and p = 4. Three metrics were used for

performance comparison: (i) average fraction of active sensors

ρ = K̄/K , obtained from averaging N Monte Carlo runs; (ii)

empirical MSE:= 1
R

∑R
r=1

1
N

∑N
n=1 ‖θ̂(n, r)−θ(r)‖2, where

θ(r) is r-th realization of θ from the prior, and θ̂(n, r) is the

corresponding estimate from the n-th Monte Carlo run; and

(iii) signal-to-noise ratio SNR:= 1
σ2

∑K
k=1 ‖hk‖2. The full-data
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Figure 4. L-level quantization for uncensored data

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

fraction of active sensors, ρ

M
S

E
 

 

 

MAP with full data

MAP with censored data

MAP with random selection

Bayesian CRB

MAP with Bayes. A−opt. Design

Figure 5. ρ vs. MSE: homogeneous regressors

MAP estimator and the BCRB were used to benchmark the

performance comparison. A random selection-based estimator,

and the Bayesian A-optimal design MAP estimator were

compared to the cMAP and qcMAP estimators.

In Fig. 5, the regressors have identical ℓ2-norms (in this

sense, the sensors will be termed homogeneous). It is seen that

the cMAP estimator outperforms estimators based on random

selection and Bayesian A-optimal design. Random selection

has comparable performance to Bayesian A-optimal design

since for homogeneous sensors uniform selection performs as

well as any optimization-based selection. Since cMAP uses the

additional knowledge from censored measurements, its perfor-

mance is improved without requiring extra data transmission.

It can be seen that cMAP is almost coincident with the BCRB

even at low ρ values.

The heterogeneous case with different ℓ2-norms for regres-

sors across sensors is depicted in Fig. 6. It is seen that the
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Figure 6. ρ vs. MSE: heterogeneous regressors
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Figure 7. ρ vs. MSE: high and low SNR cases

Bayesian A-optimal design performs quite well and random

selection exhibits the worst MSE performance. This is because

in this case a sensor’s location has an effect on its contribu-

tion to the MSE reduction, and Bayesian A-optimal design

selection optimally selects measurements which reduce the

MSE maximally. The cMAP performs as well as Bayesian

A-optimal design at lower selection computation complexity.

In Fig. 7 it is seen that with SNR = 6.02 dB, the cMAP esti-

mator achieves the full-data MAP estimator MSE at moderate

ρ values. However, as SNR degrades so does the performance

of selection-based or censoring-based MAP estimators. For

example, at SNR = 0 dB, there is an MSE gap between cMAP

and full-data MAP estimator even for large ρ values. The A-

optimal design has an even larger MSE gap to the full-data

MAP when SNR = 0dB.

In the last simulation setting, Fig. 8 compares full-data MAP,
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Figure 9. ρ vs. MSE, magnified part of Fig. 8

cMAP, and qcMAP with L = 2, 4 and 6. Fig. 9 shows a

magnified portion of curves in Fig. 8. It is seen that with L = 4
(corresponding to 2-bit quantization of uncensored data) the

MSE of qcMAP and of the unquantized cMAP almost coincide.

As is the case in the uncensored approach of [11], there is

diminishing return in MSE gains with increase in the number

of quantization levels. In fact, for this particular example, the

difference in MSE performance of qcMLE for L = 4 and

for L = 6 is not significant enough to justify the increased

data-rate of a 6-level quantizer.

A. MLE Simulations

VI. CONCLUDING REMARKS

Data selection for estimation with a wireless sensor network

was investigated. Measurement censoring was introduced as

a sensor-centric data selection technique. It was shown that

the computations involved in censoring are much lower than

alternative centralized data-selection techniques. Starting with

the censored-data model, an optimal fusion rule for MAP

estimation was derived which not only accounts for the un-

censored measurements, but also for the underlying censoring

technique used to acquire the measurements. Furthermore, it

was shown that this approach leads to lower overall mean-

square error than existing alternatives, in particular for iden-

tical sensor measurement distributions. Quantization of the

uncensored measurements was also explored and showed that

only a few quantization levels are necessary for estimator

MSE performance to be comparable to that of the unquantized

case. Explicit algorithmic formulations amenable to wireless

sensor network implementation were also developed. Future

work will focus on nonlinear regression models and sequential

real-time estimation of time-varying signals based on censored

measurements.

APPENDIX

A. Gradient and Hessian in cMAP Algorithm

The first and second derivatives of the cost function ℓK(θ)
give the gradient gK(θ) and the Hessian HK(θ) in (16)

and (17), respectively, where

βk(θ) :=−
sk
σ2

(

yk−hT
k θ
)

−
(1−sk)

σ

φ(z1k)− φ(z2k)

Q(z1k)−Q(z2k)

γk(θ) :=
sk
σ2

+
(1−sk)

σ2

[

(

φ(z1k)− φ(z2k)

Q(z1k)−Q(z2k)

)2

−

z1kφ(z1k)−z2kφ(z2k)

Q(z1k)−Q(z2k)

]

.

B. FIM for Censored-data pdf

The FIM IK defined in (18) is found using the pdf

p(y, s, θ) =
∏K

k=1 p(yk, sk|θ) p(θ). Let IK(θ) be defined as

IK(θ) :=E
[

∇θlnp(y, s|θ)∇
T
θ
lnp(y, s|θ)

]

=

K
∑

k=1

γ̄k(θ)hkh
T
k ,

where

γ̄k(θ) =
1

σ2

{

1−[Q(z1k)−Q(z2k)] +
(φ(z1k)−φ(z2k))

2

Q(z1k)−Q(z2k)

− [z1kφ(z1k)−z2kφ(z2k)]

}

.

Then FIM is given by IK = E[IK(θ)] + C−1
θ

=
∑K

k=1 E[γ̄k(θ)]hkh
T
k + C−1

θ
. Numerical integration is nec-

essary in computing the expectation with respect to θ. An

approximation amounting to γ̄k := E
[

γ̄k(θ)
]

≈ γ̄k(E [θ]) =
γ̄k(µθ) is used. Such an approximation is justifiable in at least

two cases: (i) if the prior p(θ) is approximately constant over

the support of θ - see e.g., [8] for justification of using a point

estimate in lieu of a difficult integration in Bayesian models;

and (ii) if the Taylor expansion of γ̄k(θ) about µθ up to the

quadratic term is a good approximation; that is,

γ̄k(θ) ≈ γ̄k(µθ) + (θ − µθ)
T∇θ γ̄k(µθ)

+
1

2
(θ − µθ)

T∇θ∇
T
θ γ̄k(µθ)(θ − µθ) . (22)

Taking expectation of (22), with uk :=
σy∗

k

σ t, leads to

γ̄k ≈
2

σ2
[Q(uk)− uk φ(uk)] . (23)
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C. Gradient and Hessian in the qcMAP Algorithm

From the first and second derivatives of the function (21),

the gradient and Hessian are given by

g
Q
K(θ) =

K
∑

k=1

βQ
k (θ)hk +C−1

θ
(θ − µθ) (24)

H
Q
K(θ) =

K
∑

k=1

γQ
k (θ)hk h

T
k +C−1

θ
(25)

where

βQ
k (θ)=

∑

j∈J
−
djk
σ

φ(z1jk)−φ(z2jk)

Q(z1jk)−Q(z2jk)
−
(1−sk)

σ

φ(z1k)−φ(z2k)

Q(z1k)−Q(z2k)

γQ
k (θ)=

∑

j∈J

djk
σ2

[

(

φ(z1jk)−φ(z2jk)

Q(z1jk)−Q(z2jk)

)2

−
z1jkφ(z1jk)−z2jkφ(z2jk)

Q(z1jk)−Q(z2jk)

]

+
(1−sk)

σ2

[

(

φ(z1k)−φ(z2k)

Q(z1k)−Q(z2k)

)2

−
z1kφ(z1k)−z2kφ(z2k)

Q(z1k)−Q(z2k)

]

.

D. FIM for Quantized-censored pdf

The Fisher information matrix for the quantized-censored

data is obtained as

I
Q
K =

K
∑

k=1

γ̄Q
k hkh

T
k +C−1

θ

where γ̄Q
k := E[γ̄Q

k (θ)], and

γ̄Q
k (θ):=

1

σ2

{

(φ(z1k)−φ(z2k))
2

Q(z1k)−Q(z2k)
−
(

z1kφ(z1k)−z2kφ(z2k)
)

+
∑

j∈J

[

(φ(z1jk)−φ(z2jk))
2

Q(z1jk)−Q(z2jk)
−(z1jkφ(z1jk)−z2jkφ(z2jk))

]}

.

As was the case in censored data pdf in Appendix B, numerical

integration is necessary to compute γ̄Q
k := E[γ̄Q

k (θ)] .
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