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Abstract—The behavior and dynamics of complex systems are
in focus of many research fields. The complexity of such systems
comes not only from the number of their elements but also from
the unavoidable emergence of new properties of the system, which
are not just a simple summation of the properties of its elements.
The behavior of complex systems can be fitted with a number
of well developed models, which, however, do not incorporate
the modularity and the evolution of a system simultaneously. In
this paper, we propose a generalized model that addresses this
issue. In our model, the random cluster process in context of the
finite set statistics is used to model the dynamics of the underlying
process of the complex systems. In addition, we demonstrate how
to reconstruct a sequence of Bayesian networks that reflect the
evolution of probability dependencies between variables of the
system.
Keywords: Cluster process, modular networks, Bayesian
network, GM-PHD filter, time series segmentation.

I. INTRODUCTION

Recent advancements of technology in many scientific fields
have resulted in production of datasets with massive amounts
of variables that characterize the properties of complex sys-
tems. One can find the respective examples in such research
fields as systems biology, neuroscience, social science, eco-
nomics, astronomy, etc. [1]–[3].

There is a variety of methods to mathematically describe
the data obtained from observations on complex systems.
Representation of the system under study by a network which
shows the associations between variables (nodes) has attained
particularly much attention. Since 2005, a number of network
models have been used to reveal either a sequence of de-
pendent networks [4]–[6] or a common network that would
reflect the structure of shared information through time [7].
In essence, one of the main approaches currently used to
reconstruct a sequence of networks is to apply a change-
point based algorithm that would segment the time series and
the variables, with subsequent fitting of an invariant structure
to each segment concurrently or in order [8]. The recently
published paper by Robinson [5] provides a summary of the
related works about reconstructing a sequence of different
networks.

In a series of his publications about time-series segmenta-
tion (a.k.a change-point detection), Fearnhead [9] has demon-
strated that, in comparison to an earlier approach of Punskaya

[10], his dynamic programming algorithm based on Bayesian
inference improves the accuracy of computation of the poste-
rior distribution for the number and location of change-points
in time series. Xuan [6] has further extended the Fearnhead’s
algorithm for decomposable multivariate time series (change-
points occur for all components of the multivariate vector
at the same time) by estimating the graph structure for
each segment. Robinson [5] has generalized the problem and
considered the change-point effects for subsets of variables
and has used reversible jump Markov Chain Monte Carlo
(rjMCMC) methods to estimate a joint posterior probability
over all networks. There are certain drawbacks in rjMCMC
and MCMC approaches, which motivate researchers to look
for the true joint probability distribution of multiple variables.
In the present paper we introduce a Bayesian-based method for
segmenting the piecewise stationary time series by considering
the modular structure of the network underlying a complex
system. By using the random set theory and introducing cluster
process, we demonstrate that it is possible to obtain the number
of change-points, the change-points’ times, and the set of
variables affected in each change-point from a reconstructed
evolution diagram that represents the temporal dynamics of a
complex system.

The paper is organized as follows. Section II characterizes
the complex systems. Section III and IV describe briefly
the Random Finite Set (RFS) theory and characterize the
uncertainty of a dynamic topology of an underlying network.
Section V and VI summarize RFS estimators, the PHD filter,
and define the stochastic evolution diagram. Section VII shows
how to employ the stochastic evolution diagram to reconstruct
the fittest sequence of Bayesian networks from a time series
produced by a complex system.

II. COMPLEX SYSTEMS

A complex system is comprised of an unknown number
of processes (components) whose dynamics is not derivable
from the summation of the dynamics of individual processes.
Complex systems are studied in a variety of research areas.
In many of these areas, complex systems demonstrate strong
similarities, with the large topological change and natural divi-
sion into a modular structure being the most common features
[1]–[3], [11]. The problem of detecting and characterizing
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the dynamics of modular structure of a complex system has
an outstanding importance [2], and has motivated the present
work.

A. Modularity and Dynamics in Complex Networks

A modular network is a network which is well divided
into modules such that there are dense internal connections
between nodes within modules but only sparse connections
between different modules. In many real complex systems
the topology of the underlying network is not static and can
rapidly evolve over time. Assume that a module in a network
is a subset of the set of nodes. Then a network (regardless
of edges) is a set of subsets of nodes, and, regarding to the
dynamic topology of complex networks, we can briefly say
that a network at each time step is a random set of random
sets (modules). It should be emphasized that in the first part of
this paper (until section VII), where we examine an underlying
network or a module, we are considering only the nodes, not
the edges.

Consider a network with n nodes, and let X = {x1, . . . , xn}
be a finite set of random variables (there is a one-to-one
correspondence between a node in a network and a random
variable in the mathematical model; we use both the terms
”random variables” and ”nodes” interchangeably). The power
set 2X is the set of all subsets of X , including the empty set
∅. Loosely speaking, we will consider a random set as a set-
variable whose value is one of the elements of the power set.
The elements of the power set can be taken in such a way
that it will present propositions concerning the actual state of
a module in a network at a particular time, by containing all
and only the nodes in which the proposition is true. Thus,
we can represent a module of the network at time k as a
finite random set. For example, if N̂m

k nodes belong to the
mth module, momk = {xi1 , . . . , xiN̂m

k

} where xij ∈ X , then

the network can be represented as follows: if there are M̂k

modules at time k, then Netk = {mo1
k, . . . ,mo

M̂k

k }.
As the topology of the network underlying a complex

system evolves in time, the Netk changes. A change in a
random set variable includes changes in size of the set, as well
as the states of its elements. The example below illustrates a
change in topology of a network with 5 nodes from time k−1
to time k.

X = {x1, x2, x3, x4, x5}
mo1

k−1 = {x1, x4, x5},mo2
k−1 = {x2, x3}

Netk−1 = {mo1
k−1,mo

2
k−1}

mo1
k = {x1, x4},mo2

k = {x2, x3},mo3
k = {x5}

Netk = {mo1
k,mo

2
k,mo

3
k}

Thus, if we were able to find the highest probable sequential
states of the random finite sets Net1, ..., Netk, given the data,
where Netk shows the state of the underlying network at time
k, we could understand the dynamics of a complex system.
Briefly, the state of a network at time k shows how many
modules exist, as well as which module a node belongs to.

III. RANDOM FINITE SETS (RFS)

This section describes briefly some of the fundamental
statistical concepts of the Random Finite Set (RFS) theory
needed to formulate our model.

A. Random Finite Set and Belief Mass Function

Let U = {u1, . . . , un} and n < ∞. Then a random
variable which takes its value from the universal sample
space 2U is called a random finite set [12]. A measure
(X : 2U → [0 1]) can be defined by assigning probabilities
mx(A) , P (X = A) = PX({A}) directly to each A ∈ 2U ,
and the belief mass function for a random set A is defined
as βX(A) , P (X ⊂ A) =

∑
B⊂Amx(B). The belief mass

function plays the same role in random finite set statistics as
the cumulative distribution plays in random vector statistics
[12].

B. Cluster Processes and the Hidden-Set Markov Model

Let us define the phase as a period of time during which the
state of a module (a RFS) does not change, but each element
of the module is allowed to evolve over this period. Then the
phase transition can be defined as an event when new elements
appear in or old elements disappear from the module.

A random-cluster approach is widely used to model systems
which have phase transitions or, more generally, systems with
a graph structure. Cluster processes are a concept in the theory
of point processes, and are described as a superposition of
point processes of a cluster [13]. Loosely speaking, analogous
to a Markov process, a cluster process is a memoryless time-
varying RFS, i.e. p(moik|moik−1, . . . ,mo

i
1) = p(moik|moik−1).

Also analogous to the hidden Markov model (HMM), a
hidden-set Markov model (HSMM) is a model in which
the system is assumed to undergo a cluster process with
unobserved (hidden) states.

The Mahler’s finite set statistics [12] generalizes the
Bayesian framework for the study of random set-valued vari-
ables, and provides a framework to estimate the state of a time
sequence of random finite sets which are generated from an
assumed cluster process.

As mentioned before, both the state of a module and the
observation from a module in an underlying network of a
complex system are a random finite set (RFS). In other words,
a module is regarded as a random set whose elements (nodes)
are random variables. The number of elements of the random
set is also random, and the same is true for the observation set.
Let a module at time k have a state mok. The time evolution of
the module state, which involves the motion of each individual
nodes, as well as the birth and death, is formulated as follows:

mok =

 ⋃
x∈mok−1

Sk|k−1(x)

 ∪
 ⋃
x∈mok−1

βk|k−1(x)

 ∪ Γk

(1)

where Sk|k−1(xi,k−1) is a RFS model of a node with previous
state xi,k−1, which can take on either {xi,k} or ∅. Γk is
a model for new nodes appearing in the module at time k
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Figure 1. Network states sequence in Network × Time space. Dashed lines
are the virtual leaders’ trajectories.

independently (spontaneous birth). βk|k−1(xk−1) denotes the
RFS of new nodes spawned from xk−1. In other words, mok
is a union of all survived nodes and all new nodes.

The RFS observation model, which accounts for the uncer-
tainty detection and false alarms (clutters), is formulated as
follows

Zk =

( ⋃
x∈mok

Θk(x)

)
∪Kk (2)

where Θk(x) is the model for observations captured from the
present nodes in the module. This model takes the value of z if
the node is detected, and ∅ otherwise. Kk is a set of observed
false alarms, and it has its own model.

IV. NETWORK AS A RANDOM FINITE SET OF MODULES

Thus far, we have shown how to characterize the uncertainty
of a module in a network by modeling the module state and the
module measurements as random finite sets (RFS). Therefore,
understanding the dynamics of a complex system that has
a dynamic-topology underlying network, is the problem of
characterizing the uncertainty of the underlying network, or in
other words, detecting, identifying, classifying and estimating
(tracking) the states of modules and their nodes at each time
point (Figure 1).

A. The Virtual Leader

A group of elements (e.g., a module composed of nodes
in a network) unavoidably develops properties which are not
a simple summation of the properties of its elements (a
phenomenon widely known as emergence). Hypothetically,
the nodes of a module are coordinated. The way they are
coordinated can change over time, and can be described with
the help of a ”virtual leader”. A wide variety of parameters
can be used as virtual leaders, for instance geometric centroid
[14] or parameters of the probability distribution of nodes of
a module.

B. Multiple Hidden-Sets Markov Model
Analogous to the multivariate HMM, the multiple hidden-

sets Markov model jointly characterizes the uncertainty of
a random finite set of random finite sets [15]. Mahler [15]
has presented a theoretically unified, rigorous, and potentially
practical approach to construct an optimal recursive Bayesian
estimation for the multiple hidden-sets Markov model. Fig-
ure 2 illustrates a two-layered stochastic process of the multi-
ple hidden-sets Markov model, where the network state-space
represents a randomly varying network (a random finite set of
virtual leaders). Virtual leaders (denoted as * in Figure 2) in
the network state-space can also have a motion model (sur-
vival, birth, and death) and an observation model (detection,
missed-detection, and false alarms), which are similar to the
motion model and the observation model of each node in
a module. However, we also need to consider the case of
merging of the modules that does not happen between nodes.

Let a network at time k have a state Netk. The time
evolution of the network state, which involves the motion of
each individual module and nodes, as well as the birth and
death, is formulated as follows:

Netk = (
⋃

σ∈Netk−1

Ṡk|k−1(σ)) ∪ (
⋃

σ∈Netk−1

β̇k|k−1(σ)) ∪ Γ̇k ∪∆k

(3)

where Ṡk|k−1(moik−1) is a RFS model of the virtual leader
of ith module with previous state moik−1, which can take on
either {moik} or ∅. Γ̇k is a model for new modules appearing
in the network at time k independently (spontaneous birth).
β̇k|k−1(moik−1) denotes the RFS of new modules spawned
from moik−1. ∆k is a model for new modules that are made
from the merged modules in time k. In other words, Netk
is a union of all survived modules and all new modules.
In this case, we can interpret a spawned birth as splitting a
module at time k−1 into several modules at time k. The RFS
observation model of a network is similar to observation model
of a module in equation 2, which accounts for the detection
of modules’ virtual leaders under uncertainty and false alarms
(clutters).

Figure 2. Illustration of the Multiple Hidden-Set Markov Model
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V. RFS BAYESIAN ESTIMATORS

The optimal Bayesian random finite set estimator is capable
of recursive propagation of the RFS posterior density in time
[16]. However, it is not practical to obtain a sequence of states
of RFS due to computational issues. Several computationally
feasible approaches have been proposed as an alternative to
approximate RFS Bayesian recursive estimator [12]. Analo-
gous to the Kalman filter, which is one of the most successful
approximation methods for matching the two first order mo-
ments (mean and covariance) of the Bayesian estimator. The
first moment of the recursive RFS Bayesian estimator is the
Probability Hypothesis Density (PHD) [17], denoted as υk(x)
at time k. υk is an intensity function associated with RFS
posterior.

∫
S
υk is the expected number of elements of a RFS

in the hyper-space S.

A. Generalized PHD Filter for Multiple Hidden-Sets Markov
Model

Swain and Clark [13] have derived the first moment approx-
imation of the independent multiple hidden-sets Markov model
(MHSMM) Bayesian filter, based on the concept of PHD
filter for the hidden-set Markov model. Mahler [15] has also
proposed a generalized and computationally tractable strategy
for the multiple hidden-sets Markov model (MHSMM), and
has shown that this is a PHD of the RFS of hidden-sets instead
of the RFS of hidden vector variables, or in other words, the
integral over the PHD of MHSMM is the expected number of
hidden sets. Thus, if the research problem is only to detect,
estimate, and identify the hidden-sets and their elements, but
not to estimate precisely the states of elements of the hidden-
sets, then the multiple hidden-sets Markov model will be
simplified to a hidden-set Markov model of virtual leaders.
For this one needs to be able to define a virtual leader, and
then apply a PHD filter between the network state-space level
and the hidden-sets space (in Figure 2, the lower level and the
middle level). The random variables (nodes) will be considered
as particles of the system.

VI. THE PHD FILTER

The main two methods used for approximation of the PHD
filter are the SMC-PHD filter [16] and the Gaussian Mixture
PHD filter (GM-PHD) [18]. This section discusses how the
modified GM-PHD filter can be used within the RFS Bayesian
framework to estimate the number of modules, states of each
virtual leader, and the association of nodes with modules at
each time point.

A. GM-PHD Filter

Let us assume that nodes of a module belong to a Gaussian
distribution, xi,k ∼ N (µjk, σ

j
k

2
) | xi,k ∈ mojk. Then we can use

µjk and σjk as the virtual leader of mojk (only µjk is used in this
paper). Consider υk and υk|k−1 as the respective intensities
(PHD) associated with fk(Netk|Zk) and fk|k−1(Netk|Zk−1)
in the prediction and the update recursive posterior. It has

been shown that the posterior intensity can be propagated
recursively in time via the PHD:

υk|k−1(µ) =

∫
pS,k(ζ)fk|k−1(µ|ζ)υk−1(ζ)dζ+ (4)∫

βk|k−1(µ|ζ)υk−1(ζ)dζ + γk(µ) + δk(µ)

υk(µ) = [1− pD,k(µ)]υk|k−1(µ)+ (5)∑
z∈Zk

pD,k(µ)gk(z|µ)υk|k−1(µ)

κk(z) +
∫
pD,k(ζ)gk(z|ζ)υk|k−1(ζ)dζ

where γk() is the intensity of the RFS spontaneous birth
of a module (the terms ”virtual leader” and ”module” are
interchangeable here). δk() is the intensity of the RFS merged
modules. pS,k(µ) is the probability that the module µ still
exists. pD,k(µ) is the probability of detection of the module
µ. fk|k−1(.|µ) is the virtual leader µ transition density. κk is
the intensity of the false-alarm RFS Kk. The only modification
of GM-PHD filter is the addition of the intensity of the RFS
merged virtual leaders. The GM-PHD is a closed form solution
to the PHD filter under the following assumptions [18]:
• The virtual leaders have linear Gaussian motion model

and observation model during their life time;
• Gaussian mixture models are true for the intensity func-

tion of the spontaneous, spawned, and merged births of
modules;

• State independent probability of survival and detection.
These assumptions are formulated for the problem of our
interest as follows:

fk|k−1(µ|ζ) = N (µ;Fk−1ζ,Qk−1) (6)
gk(z|µ) = N (z;Hkµ,Rk) (7)

where µ is the new state of the virtual leader ζ , Fk−1 is the
state transition matrix, Qk−1 is the process noise covariance,
Hk is the observation matrix, and Rk is the observation noise
covariance. The intensities of the spontaneous, spawned, and
merged births are assumed to be Gaussian mixtures of the
form

γk(µ) =

Jγ,k∑
i=1

ω
(i)
γ,kN (µ;m

(i)
γ,k, P

(i)
γ,k) (8)

βk|k−1(µ|ζ) =

Jβ,k∑
j=1

ω
(j)
β,kN (µ;F

(j)
β,k−1ζ + d

(j)
β,k−1, Q

(j)
β,k−1)

(9)

δk(µ) =

Jδ,k∑
m=1

ω
(m)
δ,k N (µ;m

(m)
δ,k , P

(m)
δ,k ) (10)

where Jγ,k, ω(i)
γ,k, m(i)

γ,k,P (i)
γ,k are the weight, the mean, and

the covariance of the ith newly born virtual leader of the
spontaneous birth intensity, respectively. m(i):1,...,Jγ,k

γ,k corre-
spond to the highest concentration of the expected number
of spontaneous births of the new virtual leaders. The covari-
ance matrix P (i)

γ,k determines the spread of the birth intensity
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around m
(i)
γ,k, and ω

(i)
γ,k is a weight given to the new virtual

leader originated from m
(i)
γ,k [18]. In the same fashion, Jδ,k,

ω
(m)
δ,k , m(m)

δ,k , P (m)
δ,k stand for the merged modules. Similarly,

Jβ,k,ω(j)
β,k, F (j)

β,k−1, d(j)
β,k−1, and Q

(j)
β,k−1 determine the shape

of the spawning intensity of a virtual leader with a previous
state ζ [18]. Spawned virtual leaders at time k are an affine
function (F (j)

β,k−1ζ+d
(j)
β,k−1) of a virtual leader (parent) at state

ζ at time k − 1 [18].
1) GM-PHD Prediction: Given the assumptions listed

above, the predicted intensity from time k − 1 to time k is
a Gaussian mixture [18]

υk|k−1(µ) = υS,k|k−1(µ) + υβ,k|k−1(µ) + γk(µ) + δ(µ)
(11)

where

υS,k|k−1(µ) = pS,k

Jk−1∑
j=1

ω
(j)
k−1N (µ;m

(j)
S,k|k−1, P

(j)
S,k|k−1)

m
(j)
S,k|k−1 = Fk−1m

(j)
k−1

P
(j)
S,k|k−1 = Qk−1 + Fk−1P

(j)
k−1F

T
k−1

υβ,k|k−1(µ) =

Jk−1∑
j=1

Jβ,k∑
l=1

ω
(j)
k−1ω

(l)
β,kN (µ;mj,l

β,k|k−1, P
(i,j)
β,k|k−1),

m
(j,l)
β,k|k−1 = F

(l)
β,k−1m

(i)
k−1 + d

(l)
β,k−1

P
(i,j)
β,k|k−1 = Q

(l)
β,k−1 + F

(l)
β,k−1P

(j)
β,k−1(F

(l)
β,k−1)T

2) GM-PHD Update: The posterior intensity at time k is
also a Gaussian mixture, and is given by [18]

υk(µ) = (1− pD,k)υk|k−1(µ) +
∑
z∈Zk

υD,k(µ; z) (12)

where

υD,k(µ; z) =

Jk|k−1∑
j=1

ω
(j)
k (z)(N)(µ,m

(j)
k|k(z), P

(j)
k|k),

ω
(j)
k (z) =

pD,kω
(j)
k|k−1q

(j)
k (z)

κk(z) + pD,k
∑Jk|k−1

l=1 ω
(l)
k|k−1q

(l)
k (z)

q
(j)
k (z) = N (z;Hkm

(j)
k|k−1, Rk +HkP

(j)
k|k−1H

T
k )

m
(j)
k|k(z) = m

(j)
k|k−1 +K

(j)
k (z −Hkm

(j)
k|k−1)

P
(j)
k|k = [I −K(j)

k Hk]P
(j)
k|k−1

K
(j)
k = P

(j)
k|k−1H

T
k (HkP

(j)
k|k−1H

T
K +Rk)−1

B. Stochastic Evolution Diagram

Given the Gaussian mixture intensities υk|k−1 and υk, the
corresponding expected number of virtual leaders (number of
modules) M̂k|k−1 and M̂k can be obtained by summing up
the appropriates weights [18]:

M̂k|k−1 = M̂k−1

pS,k +

Jβ,k∑
j=1

ω
(j)
β,k

+

Jγ,k∑
i=1

ω
(i)
γ,k +

Jδ,k∑
m=1

ω
(m)
δ,k

(13)

M̂k = M̂k|k−1(1− pD,k) +
∑
z∈Zk

Jk|k−1∑
j=1

ω
(j)
k (z) (14)

where Jk|k−1 = M̂k−1(1 + Jβ,k) + Jγ,k + Jδ,k.
Thus far, we have shown, how to estimate the life-time
parameters of a module, and the corresponding virtual leader.
Life-time parameters of a module such as the module’s birth-
time, death-time, merging and spawning times are considered
as change-points.

Similar to the multivariate Markov model of time series that
constructs parallel Markov chains, the multiple hidden-sets
Markov model reconstructs the stochastic evolution diagram.
We introduce this term to denote a collection of Markov
chains, in which some of the chains are tied together at
certain time points. Defined formally, it is a directed graph in
<|V | ×T space, where < is the real number space, |V | is the
dimension of virtual leader, and T is the time axis. The nodes
of this graph are the change-points and the edges represent
the estimated states of the modules’ virtual leaders. Each path
in the graph can be a Markov chain. The length of Markov
chains is not necessarily equal to T , because they have life
time. A schematic example of a stochastic evolution diagram
is illustrated in Figure 3, under assumption of the existence of
at least one module at each time step.

Figure 3. Schematic illustration of a stochastic evolution diagram, where an
edge is a trajectory of a module’s virtual leader, and the labels over the edges
are the modules’ elements.

Consider the following path from Figure 3:

{x2, x3, x4, x5}−p1−→ {x1, x2, x3}−p3−→ {x1, x2}.

This expression shows that before phase transition p1 there
is a module with four elements, but at time p1 the module
spawned into two modules, and a new element x1 became
a new member. After the phase transition p1, the module
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is following steady rules for its dynamics up to the phase
transition p3, which means the phase transition p2 does not
affect the module. One can also look at the random variables of
the system individually. For example, x4 and x10 only belong
to the underlying network up to the phase transition p4. This is
similar to the sequential particle filtering technique, in which
the particles with smaller weight get rejected from the samples.

VII. EVOLUTION OF UNDERLYING BAYESIAN NETWORKS

Several methods have been recently proposed to infer the
dynamic topology of different types of the networks (Bayesian
network, Gaussian Graphical Models, etc.). Depending on the
assumptions about the system of interest, and also the type
of the network, one can have different models. Herein, we
show how to reconstruct the sequence of the fittest Bayesian
networks from a time series produced by an underlying
random cluster processes system.

Before describing how to reconstruct the underlying
Bayesian networks, one needs to answer the following ques-
tion: what is the relationship between the finite set statistics
(FISST) and the conventional probability? The importance of
this question is determined by the fact that the FISST is based
on the belief mass function. Vo et al. [16] have shown that
”the set derivative of a belief mass function of a RFS is closely
related to its probability density”. This relationship allows us
to factorize the belief mass function of a RFS to it’s Bayesian
network form.

A. Preliminaries

A Bayesian network (BN) describes a unique joint probabil-
ity distribution over a fixed number of variables from a static
system. Mathematical representation of a Bayesian network B
given the graph G and Θ is as follows:

P (x1, · · · , xn) =

n∏
i=1

P (xi|π(xi)) (15)

where X = {x1, · · · , xn} denotes the set of variables, P
denotes joint probability distribution, G is a Directed Acyclic
Graph (DAG) whose nodes correspond to the X components,
π(xi) is the set of parents of xi, and Θ represents the set of
parameters that quantifies the graph. Formally, a BN for X is
a pair B = (G,Θ).
The Dynamic Bayesian network (DBN) is the extension of
BN to model temporal processes. To present the idea of
Bayesian networks for time series data, we should obtain
the joint probability distribution over the random variables
{X0 ∪ X1 ∪ · · · ∪ XK}, where Xk = {x1,k, · · · , xn,k} and
K is the number of time samples; in other words, we need to
factorize P (x1,1, · · · , xn,K). Apparently, such a distribution
has a high dimension, and it is extremely complex.
By assuming that the temporal process is the first order
Markovian, P can be factorized in the following way:

P (X1, · · · , XK) =

K∏
k=1

P (Xk|Xk−1) (16)

Also, it is assumed that the process is stationary, which means
∀k1, k2 6 K P (Xk1 |Xk1−1) = P (Xk2 |Xk2−1). Under this
condition, P (Xk|Xk−1) can also be decomposed into the
Bayesian network form:

P (Xk|Xk−1) =

n∏
i=1

P (xi,k|π(xi,k)) (17)

We then obtain a DBN model from equations (16) and (17)
in the form:

P (x1,1, · · · , xn,K) =
K∏
k=1

n∏
i=1

P (xi,k|π(xi,k)) (18)

where π(xj,1) = φ. The term ”dynamic” in DBN does not
mean that the topology of BN evolves over time. Instead, it
only emphasizes that the underlying Bayesian network of a
dynamic system is under assumptions of stationarity and the
first order Markovian process.

B. The Fittest Sequence of BNs

Assume an unknown non-stationary process generates a
multivariate time series data D of n random variables for K
discrete time points. In this context, the term ”non-stationary
process” means that the conditional dependency between the
random variables is changing over time. The researcher aims at
learning a sequence of Bayesian networks G = {G1 · · ·GΦ},
instead of only one Bayesian network. Let us assume that
Gφ can be replaced by Gφ+1 if a phase transition occurs.
As was described in section (VI-B), when a phase transition
happens in a system, it can affect only some modules of
the network or even all of them, and then we can expect
to have topology change only in the affected modules. A
sequence of networks can have two graphical representations:
first, as a sequence of Bayesian networks, where each network
represents the topology of BN in one specific phase (Figure
4, left); second, as one network with labeled edges, where the
label of each edge represents the existence time (lifetime) of
that edge (Figure 4, right). Figure 4 demonstrates the evolution
of a simple Bayesian network using these two approaches.

Figure 4. Two graphical presentations of a sequence of Bayesian networks

C. Modeling

Just as we have extended the BN for Markovian and station-
ary dynamic systems to the DBN, in this section we extend the
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BN for the non-stationary time series produced from complex
systems. To do this, we replace the first order Markov process
assumption with the random cluster processes, and instead of
reconstructing the multivariate Markov chains, the multiple
sets Markov chains (section IV-B) are reconstructed. Then
we can factorize the complete joint probability distribution of
all variables and the phase as P (x1,1, · · · , xn,K, phase|D) =
P (x1,1, · · · , xn,K|phase,D)P (phase|D). P (phase|D) is the
phase distribution. The stochastic evolutionary diagram which
is defined in section VI-B is able to reproduce the phase
distribution.
According to the definition of complex systems, the joint
probability distribution can be factorized to the components
of a complex system as follows:

P (x1,1, · · · , xn,K|phase,D) =

Nc∏
l=1

P (Cl) (19)

where Nc is the total number of the random cluster processes
(a.k.a. daughter processes). Cl is the set of all random variables
that belong to the lth random cluster process. In other words,
Cl = {xi′,k′ |1 6 i′ 6 n, 1 6 k′ 6 K, xi′,k′ ∈ molk′}, and by
assuming that each component (process) is a random cluster
process, we will have:

P (Cl) =
K∏
k=1

P (molk|molk−1) (20)

Then from equations (19) and (20)

P (x1,1, · · · , xn,K|phase,D) =
K∏
k=1

Nc∏
l=1

P (molk|molk−1) (21)

Also, if we assume that each random cluster process is
stationary during its life time, P (Cl) can be factorized in the
Bayesian network form

P (Cl) =
K∏
k=1

n∏
i=1

Pl(xi,k|πl(xi,k)) (22)

where

Pl(xi,k|πl(xi,k)) =

{
P (xi,k|πl(xi,k)) xi,k ∈ molk
1 otherwise

(23)

and πl(xi,k) ⊂ mo
σ1(l)
k−1 , where σ1(l) is an index function. It

returns the index of a module at time k which belongs to
the lth random cluster process. πl is a subset of the parent
configuration of xi,k.
Equation (22) is similar to the equation (18) but stands for a
random cluster process. For all random cluster processes, we
will have

P (x1,1, · · · , xn,K|phase,D) =

K∏
k=1

Nc∏
l=1

n∏
i=1

Pl(xi,k|πl(xi,k))

(24)

=
K∏
k=1

M̂k∏
m=1

∏
xi,k∈momk

P (xi,k|πl(xi,k)) (25)

where M̂k is the number of alive modules at time k (as
defined in the section VI-B). Equations (24) and (25) are equal,
but the equation (25) is computationally more efficient. In a
special case, when there is no phase transition and all random
variables belong to a module, equation (25) will be equal to
equation (18). This shows that a Markovian and stationary
dynamic system is a simplified version of a complex system,
and the presented way of factorizing the joint probability
distribution generalizes the DBN.

D. Bayesian Dirichlet (BD) Metric

Figure 4 shows that it is possible to present a sequence
of Bayesian networks by a labeled-edge Bayesian network
(Figure 4, right). Let the triple G = (NT , NP ,Ψ) parameter-
izes a labeled-edge Bayesian network, in which NT is a DAG
denoting the Bayesian network topology, and NP is a vector
whose values denote the conditional probability assignments
associated with the Bayesian network topology NT [19]. Ψ
contains all information encapsulated in the evolution diagram.
In this section, similar to works of Heckerman [20] and Cooper
[19], we present a metric for evaluating the probabilities of
different DAGs given the discrete data and the evolution
diagram.
Suppose the variables X = {x1,1, . . . , xn,K} is a set of n dis-
crete features observed during K time samples, where a feature
xi can have si possible states or values: {vi,1, . . . , vi,si}. Let
wi denote a list of the unique instantiations for parents of xi
as seen in D, and wij denote the jth unique instantiation of
πi relative to D, and there are qi such unique instantiations
of πi (we have followed the notation of Cooper [19]). Let πli
be a set of elements of πi, which also belong to the cluster
process l; then πli ⊂ πi, and let wlij denote instantiation of
πli. N

l
ijs is defined as a number that is proportionate to cases

in the time series in which the feature xi ∈ Cl holds on the
value vi,s, and πli is instantiated as wlij . N

l
ijs is formulated as

follows:

N l
ijs =

1

|πi|

K∑
k=2

Lk (26)

where

Lk =

{
|wlij | πli = wlij
0 otherwise.

(27)

and |.| means the cardinality of the set. The expression
πli = wlij means that πli is instantiated as wlij .
If we are able to obtain P (NT ,D|Ψ), we can rank the
probabilities of different topologies. A BD metric of the likeli-
hood function P (D|NT , NP ) can be proved by marginalizing
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P (NT , NP ,D|Ψ) as follows:

P (NT , D|Ψ) = P (NT |Ψ)

∫
P (D|NT , NP )f(NP |NT ,Ψ)dNP

(28)

The closed form expression for the BD metric is obtained as
follows:

P (D|NT ,Ψ) =

Nc∏
l=1

∏
xi∈Cl

qi∏
j=1

Γ(αij)

Γ(N l
ij + αij)

si∏
s=1

Γ(N l
ijs + αijs)

Γ(αijs)
(29)

where N l
ij =

∑si
s=1N

l
ijs, αijss are Dirichlet hyper-parameters

of prior probability distribution of the DAG topology, αij =∑si
s=1 αijs, and Γ(.) is a gamma function.

VIII. APPLICATION

Besides their dynamic characteristics the components of
a complex system have an ability to interact with the en-
vironment. For example, in cell biology components of a
cell as a complex system respond to stimuli in a coordinated
way. We tested the stochastic evolutionary diagram proposed
herein on the previously published datasets that represent
time series of gene expression [21]. We have integrated the
stochastic evolutionary diagram with genome-wide chromatin
immunoprecipitation (ChIP-chip) data to identify phases of the
activation of transcription factors. The results obtained with
the help of our method will be presented in a separate paper.
It can be mentioned, however, that our results appeared to
be in strong accordance with the conclusions drawn by the
authors of the original study [22]. Yet our generalized model
fits better to the scenario of temporal changes in gene networks
and, arguably, provides more realistic outcome.

IX. CONCLUSION

In this work, we attempted to look into a dynamic complex
system as a dynamic system of dynamic systems, and the
general idea was to consider all random variables of a com-
plex system as elementary particles with unknown lifetime.
The dynamic behavior of complex systems was modeled by
considering their modularity and evolutionary characteristics.
We used the Random Set Theory’s framework and developed a
corresponding model by defining such concepts as the hidden-
set Markov model and the multiple hidden-sets Markov model,
and by using the concept of random cluster processes as
defined in the finite set statistics (FISST). We introduced the
concept of stochastic evolution diagram, and also derived a BD
metric to score a labeled-edge Bayesian network (a sequence
of Bayesian networks). Using this novel model, an investigator
can reconstruct the evolution diagram and find the highest
probable labeled-edge Bayesian network to understand the
structure and dynamics of complex systems. The stochastic
evolution diagram and the labeled-edge Bayesian network
models can be applied in various research fields that deal with
time series with a large number of random variables.
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