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Abstract—The paper deals with state estimation of non-
linear non-Gaussian discrete dynamic systems by a bank of
unscented Kalman filters. The stress is laid on an adaptive
choice of a scaling parameter of the unscented Kalman filters
to increase estimate quality over the standard Gaussian sum
unscented Kalman filter. Several optimization criteria for
adapting the scaling parameter are proposed and discussed
and to apply the scaling parameter adaptation within the
Gaussian sum framework, three adaptation procedures are
proposed. Performance of the proposed estimation methods
is analyzed through the root mean square error and non-
credibility index in a numerical example.
Keywords: state estimation, unscented Kalman filter,
scaling parameter, Gaussian sum, adaptation

I. INTRODUCTION

State estimation of nonlinear discrete-time stochastic
dynamic systems is a fast growing area playing a crucial
role in many fields such as target tracking [1],satellite nav-
igation, signal processing, fault detection and adaptive and
optimal control problems. It also constitutes an essential
part of any decision-making process [2].

A general solution to recursive state estimation problems,
based on the Bayesian approach, is given by the Bayesian
recursive relation (BRR’s) for probability density functions
(pdf’s) of the state conditioned by the measurements. The
pdf’s provide a full description of the state, which itself is
unmeasurable.

The closed-form solution to the BRR’s is available only
for a few special cases e.g. for a linear Gaussian system
[3]. In other cases, an approximate method must be applied.
These approximate methods are divided with respect to the
validity of the resulting estimates into two groups [4]. The
first group of methods provides results with validity within
a neighborhood of a point estimate only and thus they
are called local methods. The second group of methods
provides results valid within almost whole state space and
so they are called global methods.

The standard local methods approximate nonlinear func-
tions in the state or the measurement equation by the Taylor
series up to the first or second order. The BRR’s solution
based on this approximation leads to e.g. the extended
Kalman filter or the second order filter [3].

In the last decade, novel approaches to local filter design
based on the polynomial interpolation [5]–[9] or on the
unscented transformation [7]–[12], have been published.

The approximation of the nonlinear functions by means
of Stirling’s polynomial interpolation leads to the divided
difference filters [5]. Instead of a direct replacement of
the nonlinear functions in the system description by their
approximation, an approximation of the pdf’s representing
the state estimates by a set of deterministically chosen
weighted points (so called sigma-points) can be utilized
as a basis for the local filters. This transformation is
often called unscented transformation (UT). The unscented
Kalman filter (UKF) [10], the Gauss-Hermite filter [7] or
the cubature Kalman Filter [12] represent this approach.
These local filters are often referred to as the sigma point
Kalman filters or the derivative-free Kalman (local) filters.

Design of almost all derivative-free filters requires spec-
ification of a scaling parameter significantly affecting qual-
ity of the approximation and consequently influencing
quality of the state estimates. Although, there are basic
rules and recommendations on the choice of the scaling
parameter, usually the only information they utilize is the
state space dimension. The parameter is chosen prior to the
estimation experiment and usually is considered to be time
invariant. Recently, an advanced version of the derivative-
free filters has been proposed [13]. It adapts the scaling
parameter according to a maximum likelihood criterion to
increase the estimate quality.

Due to the approximation of the state estimate condi-
tional pdf by the first two moments only, the local methods
are not very practical for non-Gaussian problems. Here
the global estimation methods, providing an approximation
of the full conditional pdf, achieve good quality perfor-
mance. However, note that the improved performance is
usually paid by higher computational costs. There are three
main approaches to the global filtering method design:
(i) analytical approach based on system approximation
and Gaussian sum approximation of pdf’s [14], [15], (ii)
numerical approach solving the integrals in the BRR’s
numerically [16], [17] and (iii) simulation approach taking
advantage of the BRR’s solution by Monte Carlo methods
[18], [19].

The analytical global methods are based on a multiple
application of local methods, e.g. the Gaussian Sum Filter
(GSF) consists of a bank of EKF’s, or the Sigma Point
Gaussian Sum Filter [20] uses a bank of sigma-point filters.
In problems involving multiple mode pdf’s the analytical
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global methods provide a considerably higher estimate
quality as they are able to follow the modes with individual
local methods.

The goal of the paper is twofold. First, several new
criteria for the scaling parameter adaptation of the UKF will
be designed. The aim will be to increase estimate quality by
exploiting more information in the optimization criterion
or to relax some conditions enforced by the adaptation
proposed in [13]. Second, a novel analytical global state
estimation method will be proposed based on a bank of
the UKF’s with scaling parameter adaptation.

The paper is organized as follows. Section II deals with
the state estimation problem, a brief description of the UKF
and its utilization in a global analytical method. Then, in
Section III, new criteria for the scaling parameter adapta-
tion are designed and discussed. In Section IV the novel
global state estimation method is proposed and Section V
presents a numerical illustration of the proposed method.
Concluding remarks are given in Section VI.

II. STATE ESTIMATION BY UNSCENTED KALMAN
FILTER

Consider the following discrete-time nonlinear stochastic
system

xk+1 = fk(xk)+ wk, k = 0, 1, 2, . . . , (1)
zk = hk(xk)+ vk, k = 0, 1, 2, . . . , (2)

where the vectors xk ∈ Rnx and zk ∈ Rnz represent
the unmeasurable state of the system and measurement at
time instant k, respectively, fk : Rnx → Rnx and hk :

Rnx → Rnz are known vector mappings, and wk ∈ Rnx ,
vk ∈ Rnz are the state and measurement white noises and
are mutually independent. The pdf’s of the noises, p(wk)
and p(vk), respectively are supposed to be known. The pdf
of the initial state x0, p(x0), is supposed to be known as
well, and the initial state is independent of both noises.

The aim of the state estimation is to find the state
estimate in the form of the conditional pdf p(xk |zk) in
which zk 4

= [z0, z1, . . . , zk]. In some cases, it suffices to
find the first two conditional moments, i.e. the mean x̂k|k =

E[xk |zk
] and the covariance matrix Pk|k = cov[xk |zk

],
which can be understood as a Gaussian approximation of
the conditional pdf, i.e. p(xk |zk) ≈ N {xk : x̂k|k,Pk|k} [12].

Before specifying a general UKF algorithm, the UT [10]
will be introduced to facilitate transparency of the UKF
algorithm. The main idea of the UT is to approximate a
random variable x ∈ Rnx by a set of deterministically
chosen sigma points with corresponding weights and to ap-
proximate characteristics of a transformed random variable
y = g(x) using these sigma points and weights.

The sigma points {Xi } and corresponding weights {Wi }

are given by

X0 = x̂,W0 =
κ

nx + κ
, (3)

Xi = x̂+
(√
(nx + κ)Px

)
i
,Wi =

1
2(nx + κ)

, (4)

Xnx+i = x̂−
(√
(nx + κ)Px

)
i
,Wnx+i = Wi , (5)

where i = 1, . . . , nx and the term
(√
(nx + κ)Px

)
i repre-

sents i-th column of the matrix
√
(nx + κ)Px and κ is the

scaling parameter influencing accuracy of the approxima-
tion.

Then, each point is transformed through the nonlinear
function

Yi = g(Xi ), ∀i, (6)

and the resulting characteristics of y, i.e. its mean and
covariance matrix, and the cross-covariance matrix Pxy

ŷ = E[y] = E[g(x)], (7)

Py = cov[y] = E[(y− ŷ)(y− ŷ)T ], (8)

Pxy = E[(x− x̂)(y− ŷ)T ] (9)

are given by

ŷ =
2nx∑
i=0

WiYi , (10)

Py =

2nx∑
i=0

Wi (Yi − ŷ)(Yi − ŷ)T , (11)

Pxy =

2nx∑
i=0

Wi (Xi − x̂)(Yi − ŷ)T . (12)

Note that these results are only an approximation of the
true mean and covariance matrices which cannot generally
be computed.

Now, suppose the state and measurement noises, wk and
vk have means ŵk and v̂k , respectively and covariance
matrices Qk and Rk , respectively, the initial condition is
given by its mean x0 and covariance matrix P0, the general
algorithm of the UKF can be summarized as follows

Algorithm 1: Unscented Kalman Filter

Step 1: (initialization) Choose the scaling parameter κ . Set
the time instant k = 0 and define a priori initial condition
by the predictive mean x̂0|−1 = E[x0] = x0 and the
predictive covariance matrix P0|−1 = cov[x0] = P0.
Step 2: (filtering) The state predictive estimate is updated
with respect to the last measurement zk according to

x̂k|k = x̂k|k−1 +Kk|k(zk − ẑk|k−1 − v̂k), (13)

Pk|k = Pk|k−1 −Kk|kPz,k|k−1KT
k|k, (14)

where Kk|k = Pxz,k|k−1(Pz,k|k−1)
−1 is the filter gain and

ẑk|k−1 = E[zk |zk−1
] = E[hk(xk)|zk−1

], (15)

Pz,k|k−1 = E[(zk − ẑk|k−1)(zk − ẑk|k−1)
T
|zk−1
]

= cov[hk(xk)|zk−1
] + Rk, (16)

Pxz,k|k−1 = E[(xk − x̂k|k−1)(zk − ẑk|k−1)
T
|zk−1
]. (17)
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The measurement prediction mean ẑk|k−1, covariance ma-
trix cov[(hk(xk)|zk−1

] and the cross-covariance matrix
Pxz,k|k−1 are calculated by the UT (10–12).
Note that at this point a likelihood of the state estimate,
which is crucial for global analytical methods, can be
computed by

ζk = p(zk |zk−1) ≈ N {zk; ẑk|k−1,Pz,k|k−1}, (18)

where N {y; ŷ,Py} denotes Gaussian distribution of a ran-
dom variable y parametrized by its mean ŷ and covariance
matrix Py .
Step 3: (prediction) The predictive statistics are given by
the relations

x̂k+1|k = E[xk+1|zk
] = E[fk(x̂k|k)] + ŵk, (19)

Pk+1|k = E[(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)
T
|zk
]

= cov[fk(xk)|zk
] +Qk, (20)

where the state prediction mean x̂k+1|k and covariance
matrix cov[fk(xk)|zk

] are given by the UT (10–11).
Let k = k + 1 and algorithm continues by Step 2.

The UKF algorithm can be used as a key component for
a global analytical method, which will be further referred
to as the Gaussian sum UKF (GSUKF) [20].

Now, suppose the initial condition pdf p(x0), state noise
pdf p(wk) and the measurement noise pdf p(vk) are given
by a Gaussian sum or are approximated by a Gaussian sum
(e.g. using the EM method [21]) as

p(x0) =

N0∑
i=1

α
(i)
0 N {x0; x̂

(i)
0 ,P(i)0 },

p(wk) =

qk∑
i=1

β
(i)
k N {wk; ŵ(i)k ,Q(i)

k } and

p(vk) =

rk∑
i=1

γ
(i)
k N {vk; v̂(i)k ,R(i)k }.

The parameters α(i)0 , β(i)k , and γ (i)k are positive weights of
particular Gaussian terms with their sum being equal to 1.
All the parameters (i.e. the weights, means and covariance
matrices) are supposed to be known. Then, the algorithm
of the GSUKF is given by

Algorithm 2: Gaussian Sum Unscented Kalman Filter

Step 1: (initialization) Choose the scaling parameter κ . Set
the time instant k = 0 and define a priori initial condition
p(x0|z−1) = p(x0) as a sum of Nk|k−1 Gaussian terms.
Step 2: (filtering) The filtering pdf is approximated by

p(xk |zk) ≈

Nk|k∑
i=1

α
(i)
k|kN {xk; x̂(i)k|k,P(i)k|k}, (21)

where Nk|k = Nk|k−1 ·rk . The filtering mean and covariance
matrix of the i-th term N {xk : x̂(i)k|k,P(i)k|k} are computed
using the UKF relations (13-14) given the predictive state
estimate mean x̂( j)

k|k−1, covariance matrix P( j)
k|k−1 and the

measurement noise mean v̂(l)k and covariance matrix R(l)k .
The likelihood of the i th term ζ

(i)
k is given by (18).

The indices j and l are given by

j = i − b
i − 1

Nk|k−1
cNk|k−1, j = 1, . . . , Nk|k−1, (22)

l = 1+ b
i − 1

Nk|k−1
c, l = 1, . . . , rk (23)

and i = 1, . . . , Nk|k . The symbol bxc denotes the floor
function, i.e. the largest integer less than or equal to x .
The filtering weight α(i)k|k of each term is given by

α
(i)
k|k =

α
( j)
k|k−1γ

(l)
k ζ

(i)
k∑Nk|k−1

j=1
∑rk

l=1 α
( j)
k|k−1γ

(l)
k ζ

(Nk|k−1( j−1)+l)
k

. (24)

Step 3: (global point estimate) The global filtering mean
and covariance matrix can be obtained by the following
relations

x̂k|k = E[xk |zk
] =

Nk|k∑
i=1

α
(i)
k|k x̂(i)k|k, (25)

Pk|k = cov[xk |zk
]

=

Nk|k∑
i=1

α
(i)
k|k

[
P(i)k|k + (x̂k|k−x̂(i)k|k)(x̂k|k−x̂(i)k|k)

T
]
. (26)

Similarly, other point estimates (e.g. a mode or median)
can be obtained from the global state estimate (21).
Step 4: (reduction) Generally, the state or measurement
noise with the Gaussian sum distribution causes an expo-
nential growth of the number of Gaussian terms in the sum
(21), which must be reduced to keep computational costs
reasonable [22], [23].
Step 5: (prediction) The predictive pdf is approximated by

p(xk+1|zk) ≈

Nk+1|k∑
i=1

α
(i)
k+1|kN {xk+1; x̂

(i)
k+1|k,P(i)k+1|k}, (27)

where Nk+1|k = Nk|k · qk and α
(i)
k+1|k = α

( j)
k|kβ

(l)
k The

particular predictive mean x̂(i)k+1|k and covariance matrix
P(i)k+1|k are computed by the UKF relations (19–20) given

the filtering estimate mean x̂( j)
k|k , covariance matrix P( j)

k|k and
the state noise mean ŵ(l)k and covariance matrix Q(l)

k .
Again, the indices j and l are given by

j = i − b
i − 1
Nk|k

Nk|kc, j = 1, . . . , Nk|k, (28)

l = 1+ b
i − 1
Nk|k
c, l = 1, . . . , qk (29)

and i = 1, . . . , Nk+1|k . Let k = k + 1 and the algorithm
continues by Step 2.
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III. ADAPTATION OF THE SCALING PARAMETER

The scaling parameter κ represents a design parameter in
the UKF and hence in the GSUKF as well. A recommended
setting for the scaling parameter was determined by the
analysis of the UT [10]. The analysis was based on a
term-by-term comparison of the Taylor series expansion
of the true mean ŷ and covariance matrix Py (stemming
from (7) and (8)) with the Taylor series expansion of the
approximated statistics, namely with the Taylor expansion
of relations (10), (11).

From the analysis, the recommendation κ = 3− nx fol-
lows. However, this recommendation suffers a possible loss
of positive definiteness of Py (11) for a multidimensional
variable x due to negative κ (if nx > 3, then κ < 0). Thus
several improved algorithms have been proposed which
differ mainly in the sigma point computation, e.g. scaled,
reduced or high order UT or transformation based on the
Gauss-Hermite quadrature [7], [11]. Another possibility is
to choose κ = 0 for any dimension nx which leads to the
cubature Kalman filter [12].

In [13] it was shown that the scaling parameter sig-
nificantly affects the estimate quality and which was a
motivation for proposing an adaptive choice of the scaling
parameter specification. The choice was based on finding
a scaling parameter maximizing the likelihood (18). In this
section, this criterion will be reviewed and three other
criteria will be proposed.

A. Density based criteria

1) Scaling parameter maximizing likelihood: The cri-
terion proposed in [13] providing the optimal scaling
parameter κML

k at time k has the following form

κML
k = arg max

κ
p(zk |zk−1

; κ). (30)

If the predictive pdf p(xk |zk−1) and the measurement pdf
p(zk |xk) = pvk (zk − hk) are approximately Gaussian then
p(zk |zk−1

; κ) ≈ N {zk : ẑk|k−1(κ),Pz,k|k−1(κ)} where the
notation ẑk|k−1(κ) and Pz,k|k−1(κ) emphasize their depen-
dence on κ . Note that if the measurement pdf p(zk |xk)
will be a Gaussian sum, which appears in the GSUKF, the
likelihood will also be of the Gaussian sum form.

2) Scaling parameter maximizing posterior probability:
From (30) it is evident that the maximum likelihood cri-
terion takes account of the measurement information only.
To respect in addition the predictive information given by
the predictive moments x̂k|k−1 and Pk|k−1, the following
criterion has been proposed:

κMPP
k = arg max

κ
pxk |zk (x̂k|k(κ)|zk

; κ), (31)

where

pxk |zk (xk |zk
; κ) = p(zk |xk)p(xk |zk−1)

(
p(zk |zk−1

; κ)
)−1

and x̂k|k(κ) is given by (13). The notation MPP refers to
the fact the κMPP

k maximizes posterior probability of the
filtering state estimate x̂k|k(κ).

Now, assume that the predictive pdf is approximately
Gaussian, i.e.

p(xk |zk−1) ≈ N {xk; x̂k|k−1,Pk,k−1}

and the measurement pdf is Gaussian

p(zk |xk) = N {zk; hk(xk)+ vk,Rk}.

Then the likelihood function is also approximately Gaus-
sian i.e.

p(zk |zk−1
; κ) = N {zk; ẑk|k−1(κ),Pz,k|k−1(κ)}

and the optimal scaling parameter κMPP
k given by (31) can

be obtained by maximizing the logarithm

κMPP
k = arg max

κ
log pxk |zk (x̂k|k(κ)|zk

; κ), (32)

which, after a few rearrangements, leads to the following
minimization

κMPP
k = arg min

κ

{
z̃k(κ)

T(Uk|k−1(κ)− Pz,k|k−1(κ))z̃k(κ)

+ (zk − hk(x̂k|k(κ))− v̂k)
TRk(zk − hk(x̂k|k(κ))− v̂k)

−
1
2 log |Pz,k|k−1(κ)|

}
(33)

where z̃k(κ) = (zk − ẑk|k−1(κ) − v̂k) and Uk|k−1(κ) =
Pz,k|k−1(κ)

−1Pxz,k|k−1(κ)
TPk|k−1Pxz,k|k−1(κ)Pz,k|k−1(κ)

−1.
Again note that if the measurement pdf p(zk |xk) will be

a Gaussian sum, the likelihood will also be of the Gaussian
sum form and so will be the filtering pdf p(xk |zk), which
does not affect the optimization process.

B. Moment based criteria

Both the above mentioned adaptive choices suffer from
two drawbacks. First, relations (30) and (33) are based on
an assumption of a Gaussian approximation of the predic-
tive pdf p(xk |zk−1) and ability to compute the likelihood
analytically. This may be limiting in many cases. Second,
with increasing dimension nx the values of likelihood in
(30) approach zero which makes maximization sensitive
to numerical errors. Therefore, here two alternative criteria
based on predictive moments only are proposed.

1) Scaling parameter minimizing measurement predic-
tion error: This criterion is based on minimization of the
measurement prediction error z̃k|k−1(κ) = zk − ẑk|k−1(κ)
and is given as

κMMPE
k = arg min

κ

(
z̃k|k−1(κ)z̃k|k−1(κ)

T
)
, (34)

where ẑk|k−1(κ) = E[zk |zk
− 1].

2) Scaling parameter minimizing extended measurement
prediction error: This criterion considers, in addition to
(34), the covariance of the measurement prediction error
Pz,k|k−1(κ) which is also minimized:

κMEMPE
k = arg min

κ

(
z̃k|k−1(κ)z̃k|k−1(κ)

T
+ tr Pz,k|k−1(κ)

)
,

(35)

where Pz,k|k−1(κ) = cov[zk |zk
− 1].
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IV. GAUSSIAN SUM UNSCENTED KALMAN FILTER
WITH ADAPTIVE SCALING PARAMETERS

In this section an application of the adaptive scaling
parameter choice within the GSUKF will be discussed. For
notational convenience, the criteria (30), (31), (34) and (35)
will be denoted together by J

(
κ, zk, p(xk |zk−1), p(zk |xk)

)
,

where the arguments indicate dependence of the criterion
on the scaling parameter κ , current measurement zk , pre-
dictive pdf p(xk |zk−1) and the measurement pdf p(zk |xk)
which is given by p(zk |xk) = pvk (zk − hk(xk)). Then, the
procedure of finding an optimal scaling parameter κ∗k will
be denoted by

κ∗k = arg max
κ

J
(
κ, zk, p(xk |zk−1), p(zk |xk)

)
. (36)

Note that the criteria (34) and (35) based on a minimization
can trivially be switched to a maximization of a negative
value of the corresponding term.

A. Complete adaptation procedure

A natural idea is to allow each UKF within the bank of
the UKF’s to find its own optimal choice of the scaling
parameter according to a chosen criteria. This means that
at each time step Nk|k optimizations to obtain Nk|k scaling
parameters is performed as

κ
∗(i)
k = arg max

κ
J
(
κ, zk,N {xk; x̂

( j)
k|k−1,P( j)

k|k−1),

N {zk; h(xk)+ v̂(l)k ,R(l)k }

)
, (37)

where similarly to the filtering step in Algorithm 2, the
indices j and l are given by

j = i − b
i − 1

Nk|k−1
cNk|k−1, j = 1, . . . , Nk|k−1, (38)

l = 1+ b
i − 1

Nk|k−1
c, l = 1, . . . , rk (39)

and i = 1, . . . , Nk|k .
However, the procedure of finding an optimal scaling

parameter is costly. Hence, if the number of terms Nk|k
in the Gaussian sum approximation (21) is high, finding
an optimal scaling parameter for each term introduces a
considerable increase of computational costs. To keep the
costs reasonably low, two alternative simplified procedures
can be proposed. The main idea of both is to replace
finding an optimal scaling parameter for each term in the
filtering Gaussian sum pdf (27) by a single adaptation.
This way the adaptation procedure is executed only once
at each time instant which results in a significant reduction
of computational costs. In the numerical example it will
be shown that this simplification deteriorates the estimate
quality only very slightly.

Now, the algorithm of the Gaussian Sum Unscented
Kalman Filter with adaptive scaling parameters for the
complete adaptation procedure (GSUKF-CA) will be sum-
marized.

Algorithm 3: GSUKF-CA

Step 1: (initialization) Choose a criterion J for the adap-
tive choice of the scaling parameter. Set the time instant
k = 0 and define a priori initial condition p(x0|z−1) =
p(x0) as a sum of Nk|k−1 Gaussian terms.
Step 2: (filtering) For computation of each filtering weight
α
(i)
k|k , the mean x̂(i)k|k and covariance matrix P(i)k|k an optimal

scaling parameter κ∗(i)k is found by optimization of the
chosen criterion according to (37)
The remainder of this step is given by the filtering step of
Algorithm 2 where the obtained optimal scaling parameters
κ
∗(i)
k are utilized by the corresponding UKF’s.

Step 3: (global point estimate) This step corresponds to
the Algorithm 2.
Step 4: (reduction) This step corresponds to the Algo-
rithm 2.
Step 5: (prediction) This step corresponds to the Algo-
rithm 2.

B. Simplified adaptation with respect to the global estimate

The first option for the simplified procedure is to find
an optimal scaling parameter κ∗k for the global predictive
estimate given by

x̂k|k−1 = E[xk |zk−1
] =

Nk|k−1∑
i=1

α
(i)
k|k−1x̂(i)k|k−1, (40)

Pk|k−1 = cov[xk |zk−1
] =

Nk|k−1∑
i=1

α
(i)
k|k−1P(i)k|k−1

+

Nk|k−1∑
i=1

α
(i)
k|k−1

[
(x̂k|k−1−x̂(i)k|k−1)(x̂k|k−1−x̂(i)k|k−1)

T
]
,

(41)

find an optimal scaling parameter κ∗k by

κ∗k = arg max
κ

J
(
κ, zk,N {xk; x̂k|k−1,Pk|k−1,

N {zk; h(xk)+ v̂k,Rk}

)
, (42)

where

v̂k =

rk∑
i=1

γ
(i)
k v̂(i)k , (43)

Rk =

rk∑
i=1

γ
(i)
k R(i)k +

rk∑
i=1

γ
(i)
k

[
(v̂k−v̂(i)k )(v̂k−v̂(i)k )

T
]
(44)

and use to optimal κ∗k in calculation of all terms of the
filtering Gaussian sum pdf (21).

The algorithm of the Gaussian Sum Unscented Kalman
Filter with adaptive scaling parameters for the simplified
adaptation procedure with the global estimate (GSUKF-
SA-G) will be summarized.
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Algorithm 4: GSUKF-SA-G

Step 1: (initialization) Choose a criterion J for the adap-
tive choice of the scaling parameter. Set the time instant
k = 0 and define a priori initial condition p(x0|z−1) =
p(x0) as a sum of Nk|k−1 Gaussian terms.
Step 2: (adaptation) Calculate the global prediction mean
x̂k|k−1 and covariance matrix Pk|k−1 according to (40) and
(41) and global measurement noise mean v̂k and covariance
matrix Rk by (43) and (44). Then, find the optimal scaling
parameter κ∗k according to (42).
Step 3: (filtering) This step corresponds to the Algo-
rithm 2.
Step 4: (global point estimate) This step corresponds to
the Algorithm 2.
Step 5: (reduction) This step corresponds to the Algo-
rithm 2.
Step 6: (prediction) This step corresponds to the Algo-
rithm 2.

C. Simplified adaptation with respect to the highest
weighted term

Another option is to find the optimal scaling parameter
for the highest weighted term given by the mean x̂(h)k|k−1

and covariance matrix P(h)k|k−1 for which

α
(h)
k|k−1 = max[α(i)k|k−1, i = 1, 2, ..Nk|k−1]

and again, use the obtained optimal scaling parameter κ∗k

κ∗k = arg max
κ

J
(
κ, zk,N {xk; x̂(h)k|k−1,P(h)k|k−1,

N {zk; h(xk)+ v̂k,Rk}

)
. (45)

in calculation of all terms of the filtering Gaussian sum
pdf (21). The algorithm of the GSUKF with simpli-
fied adaptation procedure considering the highest-weighted
term (GSUKF-SA-HW) has structure identical to that of
GSUKF-SA-G algorithm where in the adaptation step the
characteristics of the global estimate are replaced by the
characteristics of the highest-weighted term.

D. Computational complexity

Now, computational complexity of the proposed algo-
rithms will be discussed. The standard UKF algorithm is a
process of O(n3

x + n3
z ) operation [24], while the GSUKF

is of O(n3
x Nk|k−1+ n3

z Nk|k) operations. Now, suppose that
to find an optimal scaling parameter, m evaluations of the
criterion J in (36) is performed. Then, the GSUKF-CA is
of O(n3

x Nk|k−1+ n3
z Nk|km) operations, while GSUKF-SA-

HW and GSUKG-SA-G is of O(n3
x Nk|k−1+n3

z (Nk|k+m))
operations.

V. NUMERICAL ILLUSTRATION

Consider the nonlinear non-Gaussian system [18] with
one-dimensional state

xk+1 = φ1xk + 1+ sin(ωπk)+ wk (46)

with the state noise wk described by the Gamma pdf
Ga(3, 2), ∀k, φ1 = 0.5, ω = 0.04 are scalar parameters
and k = 1, . . . , 60. The state is observed by the scalar
measurement described by the equation

zk =

{
φ2x2

k + vk, k ≤ 30,
φ3xk − 2+ vk, k > 30.

(47)

The measurement zk is influenced by the measurement
noise vk ∼ N {vk; 0, 10−5

}, ∀k, and the scalar parameters
are φ2 = 0.2 and φ3 = 0.5. The initial condition is given
by a sum of five Gaussian pdf’s p(x0) =

∑5
j=1 w̃( j)

−1 ×

N {(x0; x̂
′( j)
0 , P

′( j)
0 } =

∑5
j=1 0.2 × N {x0; j − 3, 10}. The

predictive pdf p(x0|z−1) is equal to p(x0).
For purposes of global analytical filters, a three-term

Gaussian sum approximation of the Ga(3, 2) distribution
by means of the EM algorithm was calculated as

p̃(wk) = 0.29×N {wk; 2.14, 0.72}
+ 0.18×N {wk; 7.45, 8.05}
+ 0.53×N {wk; 4.31, 2.29}, ∀k

Performance of the following state estimation methods was
compared in the numerical example:
• standard global filters:

– GSUKF, GSF,
• global filters with adaptive choice of the scaling

parameter:
– GSUKF-CA,
– GSUKF-SA-G,
– GSUKF-SA-HW,

• local filters:
– UKF, EKF.

Within all global filtering methods the pruning step had
to be implemented to prevent exponential increase of the
number of terms in the filtering Gaussian sum pdf. More
specifically, at each time instant 10 highest-weighted term
were kept while the other were discarded.

The GSUKF and UKF used the recommended setting
κ = 3 − nx = 2. For all GSUKF with scaling parameter
adaptation all criteria were tested, i.e.
• ML criterion (30),
• MPP criterion (31),
• MMPE criterion (34),
• MEMPE criterion (35).

The maximum value for the adaptive choice of the scaling
parameter κ was chosen to keep a minimum value of the
weights Wi , Wi ≥

0.025
nx

. The minimum value of κ was
specified such that positive definiteness of the calculated
covariance matrices was guaranteed, i.e. κ∗k > 0. As far
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ML MPP MEMPE MMPE
GSUKF-CA 0.22 0.12 0.33 0.26
GSUKF-SA-G 0.24 0.19 0.33 0.31
GSUKF-SA-HW 0.24 0.23 0.33 0.32

(a) GSUKF algorithms with adaptive scaling parameter

global methods local methods
GSUKF GSF UKF EKF

RMSE 10.42 11.31 14.94 15.98

(b) standard global analytical and local methods

Table I: Average RMSE

as the optimization technique is concerned, to keep the
computational costs reasonable, the maximum number of
evaluations of the criteria was chosen to be 10. Based
on this limitation, the standard optimization techniques
were found to be ineffective and the suboptimal value
of the scaling parameter was computed by the so called
grid point optimization, i.e. dividing the interval by 10
equidistant points and selecting the scaling parameter from
these points.

The experiments were carried out using M = 1000
Monte Carlo (MC) simulations. The accuracy achieved by
the filtering methods was analyzed using the following
metrics
• Root Mean Square Error (RMSE) defined as

RMSEk =

√√√√ 1
M

M∑
i=1

(x̂k(i)− xk(i))2,

where xk(i) and x̂k(i) denote true and estimated state
at the i-th MC run.

• Non-credibility Index (NCI) defined as

NCIk =
1
M

M∑
i=1

[
10 log10

(
(xk(i)− x̂k(i))2/Pk|k(i))

)
− 10 log10

(
(xk(i)− x̂k(i))2/6k

) ]
,

where Pk|k(i) is the covariance matrix of the estimate
provided by the filter at the i-th MC run and 6k is
the mean square error of the estimate [25], [26].

The RMSE metric provides an evaluation of the estimate
error expressed as the Euclidean distance between the true
state and its estimate. The value of the RMSE provides an
absolute evaluation of the estimate error, The NCI metric,
on the other hand, provides an evaluation of a relative
estimation error and moreover it evaluates a self-assessment
provided by each filter in the form of the covariance matrix
of the estimate error.

Average RMSE values are given in Table I and average
NCI values in Table II and II. Time progresses of the
RMSE and NCI for a few selected filtering methods are
illustrated in Figures 1 and 2. Computational costs of a
time step are given in Table III. The results demonstrate
a substantial increase of the estimate quality of GSUKF
algorithms with adaptive κ with respect to the standard

ML MPP MEMPE MMPE
GSUKF-CA 0.69 -3.24 9.32 -0.19
GSUKF-SA-G 2.21 -0.47 9.32 4.35
GSUKF-SA-HW 0.77 0.22 9.32 4.18

(a) GSUKF algorithms with adaptive scaling parameter

global methods local methods
GSUKF GSF UKF EKF

NCI 9.32 9.61 30.66 31.05

(b) standard global analytical and local methods

Table II: Average NCI

ML MPP MEMPE MMPE
GSUKF-CA 68.1 90.9 57.3 45.3
GSUKF-SA-G 10.6 11.4 10.3 9.9
GSUKF-SA-HW 10.6 11.4 10.3 9.8

(a) GSUKF algorithms with adaptive scaling parameter

global methods local methods
GSUKF GSF UKF EKF

Time 8.6 5.6 0.5 0.4

(b) standard global analytical and local methods

Table III: Computational costs of a time step [msec]

global filtering algorithms (GSUKF, GSF) which attains,
surprisingly, two-orders magnitude for RMSE. In terms of
the NCI, the GSUKF algorithms with adaptive κ show
a balanced behavior as opposed to the GSUKF and GSF
which are overly optimistic.

When comparing the criteria for κ adaptation, the MPP,
which criterion is the most complex one, achieves the best
results, however the ML performs similarly. Performance
of the MEMPE and MMPE, which both have a moment-
based criterion, is slightly worse, nevertheless still much
better than the standard GSUKF.

As far as the computational costs are concerned, utilizing
the complete adaptation procedure leads to an increase of
the costs by an order. However, if a simplified procedure
is used, the increase is approximately 25% only, which is
little considering the substantial increase of the estimate
quality. Choice of the criterion has a negligible effect on
computational costs.

Note that the rapid decrease of the RMSE and NCI at
time instant 30 on Figures 1 and 2 is due to the change in
the measurement equation (47) which becomes linear for
k > 30.

VI. CONCLUSION

The paper dealt with state estimation of nonlinear non-
Gaussian discrete dynamic systems by means of analytical
global methods. As a key component of the methods the
unscented Kalman filter was used with an adaptive choice
of the scaling parameter. Several optimization criteria for
the parameter adaptation were proposed and an application
of criteria within the Gaussian sum framework was studied.
One complete and two simplified adaptation procedures
were designed. The Gaussian sum unscented Kalman fil-
ter with the adaptive choice was tested in a numerical
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Figure 1: Time development of the RMSE of several
selected filtering methods
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Figure 2: Time development of the NCI of several selected
filtering methods

example considering all combinations of the optimization
criteria and adaptation procedures. The results exhibit a
substantial increase of the estimate quality even when using
the simplified procedures, which is paid by a moderate
increase of computational costs. The proposed Gaussian
sum unscented Kalman filter with adaptive choice of the
scaling parameter thus represents a favourable replacement
to the standard Gaussian sum unscented Kalman filter.

Note that the same criteria and adaptation procedures
can be used for any Gaussian sum based global estima-
tion method dependent on a scaling parameter such as a
bank of the divide difference filters, which use Stirling’s
interpolation.
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